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A tlegree g. ls saltl to be high tf ^Xr = Or t where gt ls

the jump of g antl 0 ls the degree of the empty set' Thus 0r

ts a hlgh degree but In orclinary reiurslon theory (Ont) ttrere

exist ae well hlgh recursively enumerable (r'e') tlegreee below 0r

according to a theorem of Sacks hZJ' ttre proof of thle result ls

a very nlce apptlcatlon of the lnflnlte lnJury prlorlty nethod'

It fotlows from the theorem of Sacks that the notLon high is

not trivtal. Further results show that the notions hlgh anil 1ow

( C ls low lf 9r = Or ) are in fact important for the stucty of

the fine structure of the r.e. ilegrees 1n ORT' The intuftlve

meaning ls that C is htgh if g ls near to Or anil g ls low

lf g Ls near to o ln.the upper sernllatttce of the r'e' degrees'

Therefore these nottons are useful for the stutly of non-unlfolmity

effectstnthlsstructurewhereonelooksfortheoremgwhlchho].tl
ln eone regions of thts semilattlce but not everywhere (see e.g.

Lachlan [4] ).
In adttltlon hlgh ttegrees are Ínterestlng for teohnlcal

reasons. Sone results have been provetl for hlgh degrees anct lt Is

not yet known whether they are true for a1I r'e' degrees (eee e'g'

Cooper [1] ).
Flnally high ttegrees are a lfnk between the structure of r'e'

clegrees and the structure of r.e' sets aeoor'lI-ng to a theoren of

Martln (eeeh5l): A clegree contaLns a naxlmal r'e' set lf antl

only lf it la a high r.e. degree.

In cr-recurslon theory for admlsslble ortllnals c the tleeper
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propertLeo of r.e. clegrees antl r.e. sets are explored in a general

settlng anal one trles to flnd out whlch assumptions aÌe really
neealeal fn order to do certain constructions. lve refer the reader to

the eurvey papers by Lerman ancl Shore in thle volume for more in-
format lon.

It turned out that 1n fact several prlorlty argunents can be

transferred to t¿-reoursfon theory (see e.g. Sacks-Slnpson ['l4l,
strore [16], Shore [18]). other results of oRT have been prove¿l fo¡
nany artmtsslble ct but'it le stt11 open v¡hether they holcl for all
aclnlselble c( e.g. the exlstence of mlnfnâl pairs of d,-r.e. de-

grees [6J ,t21) and. the exfstence of minlmal d-tlegrees tlZJ,[tl).
Lerman [5J closed the gap between provable existence and provable

non-exlstence fn the case of maxlmal c-r.e. sets.

Ior some time one thought that the exLstence of hlgh d-r.e.
degrees below Ot l.¡as as well conpletely settled by Shore [20],
but an error vras founcl ln the proof of Theorem 2.7. in [ZOJ*. fne

problen was then open again except for Er-artnlsslble a where the

exLstence proof from ORT works anrl for o( such that or ls the

only non-hyperregular or-r.e. rlegree where every c(-r.e. tlegree

below Ot ls low according to [20] (theee are the types (1) and

(l) fn our characterlzatlon ln $1 ).
I,Ie olose the gap in this paper by provlng that hfgh d.-r.e.

alegrees below 0r exlst lf and only lf q2cfo. ¿ vZpe . Thls re-

eult was not expecterl anrl ls dtfferent from the resul-t ln [20]. We

thfnk that the new result ls a lucky clrcumstanee for ¿-recursl-on

theory elnce lt wae thought ln [2o] that the sltuatlon le sonewhat

trfvlal (every non-hyperregular d.-r.e. tlegree is hlgh). Now tt

turns out that lnarlmlsslbllity (tn form of non-hyperregutarity)

l.¡fluences the behavlour of the Jump of an o.-r.e. tÌegree but 1s

*I would llke to thank R.Â. Shore for informfng ne about thls.
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not ao strong that 1t overruns everything (this vrtll become even

clearer in our forthcomlng paper L1 1l ).

The plan of this paper ie as folLows:

$9. contains some baslc deflnltlons and facts.

In $1. we construct high a-r.e. degreee'below Or for the case

q > o2cf o. >. q2pa . [r/e give sone motlvatlon for the conetructlon

so that thls chapter should be reatlable for anyone who hae seen be-

fore an lnfinlte inJury prlorlty argument tn ORI (e,g,127)). fne

conetructlon reflects several typtcal features of d'-recurslon

theory and uses strategies whlch would not work tn ORI.

In S-2. we prove that the¡e exlot no hlgh o¿-r.e. tlegrees below

Or l-n the case q2cf¿ < e?pcr. by uelng some basic propertles of

strongly inactmieslble structures. Àlong the way some flrst reeultg

are provecl about a ctistlnguishecl degree between Or and Or I for

which we write ot/z.
A sunmary ls glven in $2 . four types of atlmlssible ortllnals have

to be <Ìistlngulshed as far as the behaviour of the Junp of r.e. de-

grees ls concernetl.
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$0. Pretlnlnarfes

Lowcaae greek letters are alrvays orcllnals, p ancl I are

alwaye 1l¡nlt orrllnals ancl o, ls aluays aclmlssible in this paper.

ile conslder only etructrr"us fl = < lßrB) where B ç lß ancl B 1s

gglgover Lp r f.e. V[. ß(r,rn f eLB ).lde eaythat aset
D e Lg le 2n* tf D le tleftnabLe by sone ão formula (whtch

nay oontain elements of L¡¡ as parameters) over the structure t, .

Ior ì . ß one wrltes trr"f$À for the least f r ì such

that eome 2 n* functlon naps ú cofinally lnto I and one

wrltes ønpúf¡ for the least 6 t (! such that some ãrrfr function

p proJects ß into 6 (f .e. p maps p 1-1 lnto f, ). !'Ie write
qrqgfÉ lnsteatt of encflta and tnpq' lnstead of anptrdo. .

' A set D e L,o is called f¡-".e. (8-recurstve) tf D 16

Zrb (A i9). lve say that a set D is tane- frrf> if the set of
rrpoeltlve nelghborhoocÌs'r ( K e Lo l K s ll ls Srrfi . A set

K s Ir^ ls calletl ß-ftntte lf K e La .

lln ordinal t. ß ls called a (reeular) ß-cartllnal tf
Lß F [6 le a (regular) cardfnal] .

We flx for the followlng u¡lversal ZnÇ sets Uf
every aet D < LO : D fs ãrr{r lf antt only lf D'=

[xl.erx> c uf;] for sone e € ß ) whlch are glven by some

rleflnltton. In the special case n = 1 we wrlte *"S for
[xlcerxr " uf ]

For sets Â ,D g Lß one says that .A ls fr-rettuclbte to D

(wrttten A .ûD )

all KcLU

KEArà 3Il,|Hre
and

lf there ls some lndex e c ê such that for

(1.e. for

znL

l0(.K'orHj,Hzr" W"ún H1 I D^ Hze I,ß- D )

KsLp- A$3H1 Hzcr,6 ( (KrlrHi,Hz, 
" l{"ú^ H., a D a Hre r,U- D ).
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the lntlex e can be comnunlcatett by writlng À 
"I 

D '
One further clefines that A is weakly f¡-retlucible to D

ln the same vray but with the sets K e LO restrlctetl to slngle-

tons lxl (written A -'"f,D ).

ln equlvaì-ence relatlon A =t D ls tteflnett by A s"D 
^

D *1, A ancl the equivaÌence elasses are oalletl É-@.g'g' ' One

says that a tlegree C has certaln properties ff there exlst a set

A . g whlch has atl these propertfeo.

tVe stucly 1n thts paper the cr-iump operator (see Sbore [201

for a dlscusslon of the clefinltton) :

Ar := t<erxr l! H1 H2. r,* (<xrHlrHrr c llrl" a H1 I A r H, s r'*- A)

Is the Jump of a set A s lo( ln ot-recurelon theory (we always

wrlte w" lnstead of ,"ot ). slnce we have A 3{D + At 3o, Dl

this deflnltlon gives riee to the cteflnltlon of the c'-Junp

operator g Ð gt for ot-rlegrees E .

We wrtte o for the o¿-ilegree of the empty set antl 0r I ln-

etead of (o,), . observe that u1o* . ot anrt (usfng the adrnlssl--

bllity) UrOn a Orr . Furtherlnore we have for regular sets À that

U1t !*tÂt 
=o. At .

One says that an c'-r.e. set A le oonplete lf A c Or i

otherwise A ie callecl fncomplete.

r¡,le often use wLthout further mentlonlng the ISg]¡4.9!'

theorem of sacks whJ.ch says that every ot-r.e. tlegree contal'ns a

regular c.-r.e. set (see ['11J, t22!rÍa] for proofs)'

For a set A € l¿ one writes rcf A for the least 6 r oc ''

such that a cof1nal functlon f : f + c exlsts whlch Ls weakly

ot-retlucible to A . The set A ls called Eylgg¡gþ ff

rcf A = tr, , otherwlse A ts catled non-hyperregular'
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observe that we have for regular À rcf ^A = ulcf<La'A> er 1n par-

ticular A 1s non-hyperregular iff < L4rA) ls inadmisslble'

HyperregularLty ls -contrary to regularlty- a property of cle-

grees rather than of slngle representativs : lf g ls an o'-'le-

gree then rcf A is the sarne for every A e g .

Simpson proved ln hls thesls [ 22] that for any y e * we

bave that f = rcf A for aone o¿-r.e. A lff t ls a regular

c, -cardlnal antl ù2cfLctr = c Zaf q' . lhe followlng lemna combines

1n b) Stnpsontg result wlth Theorem 2.'1. of Shore t19l . The proofs

of a) antt c) are stra!-ghtforwartÌ (consldet a Z, proJectlon fron x

lnto czpc for o) ).

I¡emma 1 :

a) Or io a non-hyperregular c-cÌegree lff o2cf ¿. < e .

b) There extsts an inconplete non-hyperregular d-r.e. degree iff

elther t2pc s q2of or < e or qTcf q, <e2pe < ¿ antl there is a

regular ¡-cartÌ1nal ,¿ ¿ ozpd such that o2cfldr =a2cfa '
c) l,{e have vzefLnx = o2cf a for every regular ¿-carillnal x

euoh that v2po. < x and qZata. < t<.

¡lnally deflne for anY structure

frrTß ,= y.6 s P( a Zrrft set M c ó

(we wrlte gnr^ lnsteatl of I

t> = .LßrB>

exists such that M I tß)
Lo ).nrß

Acoordtng to Jensênrs Unlfo¡mLzatlon Theorem [2] we have

9rr0 = otPF for every n ) O antl every llurit ortllnal 0'
Wewll]-oftenusewlthoutfurtherrnentl-oningtheequalitles

Srrror = ttP * for n = 1 ¡2 which are easler to show because f, -

unlfornlzatlon ls trlvial for atlmlssfble q. .

l{e refer the reader to Devlln [2] for all detalLs concernlng

constructlbllltY.
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$,|. Cqnstruction of high cr-r.e. degrees

Atfirstwesketchtheconstructlonoflncompletehighr.e.
sets in ORT. The orlglnat proof is due to Sacks [12]. Aitilttional

lileas of lachlan anfl Soare are used tn the very perspfcuous verglon

of the construction as it is presented ln Soaret2Jl (we rêfer the

reacler to this paper for more notLvatlon and tletalls concernlng the

proof ln o$ ).

InorclertobringtherequJ-rernentAleo|linthereachof
a recurgive constructlon we associate with a flxed Z, eet

S € Orr a r.e. set BS which ls tleflnetl by

(e,y) GBs el Yyts ylz'rf(e¡Y'rz)

where J yV, þ(',yrr) is a flxed Z, aefinttlon of s over I,üt '

Then we have for every e € r^r l-S(e) = linr nr(<etv>) antt lt
y{o

is enough to Lnsure that for all e Ê(J ltm A(<ery¡) :
yìo

tfn B(<ery>) in ortter to get Ar e Orr . So for every e we set
y Jc)

up a posltive requirement Po : ltm A(<eryl) = lin- B(<e,Y)) '= Ylo Yr('
P" is a requirement which is hartl to satiefy lf e C S sLnce 1n

thls case we have to put all but flnltely nany elements of

[a"ry>lyet,] tnto À.

A confltct arises because we have to satisfy ae weII for all

e €qr N" , rC = Qe(A) where C e Or ls a flxetl r'e' set' The

requirements Ne are satlsfiett by preserving a dlsagreement bet-

$reen cr(x) and 0"r¿(\rx) for a sultable argument x ancl bv

forcing the appearance of auch a tllsagreernent (respectlvely of an

argument x such that {"(n'*) I ) on the way of preservJ'ng as

wetl agreements between Cr(x) and Ôs,1(\rx) for all x out

of an fnltlal segment y of cl which ls ohosen ao long as

posstble ( y s u, ) .(t/e have wrltten {"(Â'') for the functlon

which is partially recursfve ln A wtth index e')

245
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Thls strategy of preservation in order to get .t C

ftrst alght contrary to fntuition. But lf we preserve

it appears tlurlng the constructlon- agreenent between

I s,1(A1rx) for every x ê tr we actually try to make

-.e A is on

-as soon as

cr(x)
ctf

and

re-

cureive. Slnce C = Clo ie not recurgive we must then have tr.tJ
anrt therefore r{"(4,¡) t c(tr)

lr{e wrlte Iu for the fnJury set of N" whlch is the set of

a1l elenents x that are put lnto A -as clemandetl by some posi-

tlve requLrenent Pe, vrith er < e - although they tlestroy a

conputatlon in A whlch shouLat be preserved Ln order to satlsfy
N" . Then we can be a llttle more exact in our descrlptlon of the

preeervatlon strategy ancl say that although rve try to make C l tr
recurslve we only succeerl ln making C Ìy recursive ln I" ( ¡ "s
before). But we can stlll get the wanted conclusion tr.,r even

tf Ie ls lnflnlte slnce we neecl only C t I" for the argu-

nent above. Since I" ls recursLve ln [(etry> e Àl er < e^ yc.l

lre can prove C I Ie for every e e cJ tlurlng the lntluctl-ve argu-

ne¡t where one shows that for every, e € cl r C ee A antl

1In A(<eryr) = lt¡r B(<ery>) ("e use here that C f {<erry> c B I
y.þ y.u
er < e a yco) for every e ).

Obeerve that in wrlting C(¡) etc. we have followed the usual

conventlon to tdentlfy a set with its characteristic functLon.

The construction fron ORT works as well for E, adrntsstble ct

(Shore t2ol). But there are seve¡al Teaaons why thla construction

does not work for the other admlsslble c . !üe dlscuss flve of

tbese proble¡ns in the followlng and we sLnultaneously try to noti-
vate the new features of the suboequent constructlon for the case

a r('2cfa, ¡ a2pa .

l) Aser¡ne that we gucceecl ln constructlng the set A Ln such
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a way that Ve e.r. 1¡(e) =* nr(e)) wtth s and Bs as before

(deflne for any set l,'l : 
"(e) 

,= M n (ts] x I,q) ; Mi =t M2

means that M1 - M2 € L.a ancl MZ - Ml e lro. ).
Thls doesnrt tmply in general that t -.o. O 1f c2cf ot < ¿ .

l{e have of course for every e G 6. that e c S td

3 y"V y >, J"(r ( e;ï) e A) +r 3 y"('r ( p,e,Je) 6 at)

for some flxed parameter p . But if we want to reduce fn the sane

way questlons xK ç Srr to questlons about Âr we need the

existence of a bound for the set [V"l e e f! of wLtnesses. Slnce

S e 0rr canrt be tame- Zz Lo lf e Ls not ã, a<lmisslble (eee

$2.) we can hardly expect that thts bound exists fo¡ all a-flnlte
K suchthat KçS.

!'Ie overcome this ttlfflcuJ,ty by uslng 1n a positfve way that' c

ls not Z, adurlsslble. For these q there exist non-hyperregular

d -r.e. sets antl ln the case o¿ > c2cf æ >, a2pe there exlgt even

incomptete non-hyperregular c(-r.e. sets accordlng to Shore [19J.

But for non-hyperregular A we can avold the search for wltnesses

J" : lake a coflnal functlon f : rcf À '+ oc whloh ls weakly

a -recursLve ln À . Then we have

e € s <+ Vxc rcf A 3 y z(y = r(x) ¡, z )y ^ 1<erz> e A') rr,¿

lpl r rcf A ¡ teJ gÀr

for sone fixecl parameter p whlch lmplles that for every q-flnlte

K we have

KçSs (plrrcfÂrK Ê Ar

Convent lon: flle say rt o¿-reCurglVe l-nrr and nWeakly o¿-reCUrSlVe lnrl

for tt s*tt respectively tt g"r.tt ae udual. But there le a pro-

blem wlth thls interpretatlon, seetgl.

?) For the consitlered c( where q' > d2cf d. >, e2p4 l-t can

happen that Or I does not contain a regular ÍZ \n set. Aecortllng

to l11l thls occurs if antl only lf o,lcfq, < e1p d . We wlLl con-
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etruct ln [11] an d" where e1cf e < ø7Pe < cr?pn t e7cf a' < a-.

Thls example 18 the nost ttifficult one wlth respect to our con-

structlon of lnconplete high o¿-r.e. tlegrees slnce Or I does not

contaln a regular f2 set and we have c2pcl.. to2pc. (see [6] for

the deflnltlon of the tane f, ProJectun toZpcx' ).

2I In oonsequence of the precedlng the plan for our construc-

tlon le as follows : ttte take a fixed incomplete non-hyperregular

d-r.êo set D and nake aure that o(0) =* ¡ in ortler to nake ¡'

non-hyperregular. Further fo¡ e > 0 we want to have that

4(e) =r gr(e) Äs before we set up for every e G d a posltlve

whlch trles to satlsfy this contlltlon concernlngrequLrement

o(e).
It ls crucial for the lnflnlte lnjury argument that the set

of those elements which shoultl be put into a in orcler to satlsfy

all requlrements out of an lnltlal segment of the priorlty llst ls

not too conplfcatecl. Accorcllng to point 2) this forces us to make

our prlorlty llst no longer than c 2p cr because only for c¿ -flnlte

sets K of c-carrlinality less than a2pa lt ie guaranteetl that

B, n K x L* ls c-recursLve. It ls not easy to work with such a

ahort prtortty Ilst ln an lnftnite lnJury conetructlon since the

c -recurslve approxinatlon to thls list ls very weak lf e 2p a' <

elcf a . We lntroduee a clause b) tn the constructlon whlch makes

lt possible to controL in nany eituations those unwantetl inJurles

whloh are merely due to batl guesslng of prlorltles.

Ð Vrle want to prove by lncÌuetlon on the priority P(e) that

for every e we have 4(e) -* 
"(e) 

. îhere le a problen ln the

case that p(e) ls a linlt orttinal slnce the inrluctlon hypothesle

doean,t tnply rhen that !l t l(r) I p(r) < p(e)! J U tB(l) |

p(t) < p(e)J ancl we canrt control the clegree of the lnJury set

P"
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I" . lVe use the fact that thls sltuatlon ís only possible if
cr2cf or > t¿ since a2ef æ 2 o2p oa . t7cf d. ) .J inpties that the¡e
are enough fixpoint stages in the congtructfon so that it is in
fact not necessar.y to determlae the degree of the lnJury set Ie .

5) There ls a problem wlth the preservatlon strategy of
Sacks 1n the case that there are non-hyperregular lnJury sets I"
(whlch wiLl occur 1n our constructl-on sLnoe O(O) le non-hyper;
reguì.ar). If we want to preserve then agreements c(x) = Qe(Arx)
for x < ùr these computatlons may altogether use an unbouncled

parü of -a even if y < c . since thls woulcl endanger the posltive
réquirements of lower prlority we have to be much more careful wtth
preeervatlons. For thl-s sake we introduce fe-flxpolntsr tn the
case e2cf o¿ > r¡ . In the case e2cf a = q¡ we ctlvid.e ô¿ into
rcf D many blocks as ln Shore [18] (aolng the same thlng fn the
case a2cfq. >- a2pd ) r¿ would be troublesome because of llmlt
polnts ln the prlority lfst).

theorenl: Assumethat o¿ > c2cf a- >. e?pa. . lf C anal D

are q-r.e. sets such that C lo. D and D is non-hyperregular
then theré exLsts an u-r.e, set A such that D a. A , C l*A
ancl {? =. orr .

The rest of thls chapter ls devotecl to the Þroof of thls
theoren. After sone preparatlons we wltl describe the constructLon
of the set A for the case a2cf a > o . We wil1 show Ln the
I'emata ir4r5 that this set A has the propertles we want. The

construction for the case e2cf¿ =. is rather close to the con-

structlon ln ORT anct wiLl be dlscussed briefly afterwards.
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ù,Ie flx for the fotlowlng regular cr-r'e' sets C'D e o such

that C l¿ D and D ls non-hyperregular' (Ct L. * an¿I

(Dr),r. r are ln the followlng fixetl o¿-recursLve enumeratlons of

theee sets.

Take a ÐZbn set S Ec auch that S é 0rr antl fix a

Ao formula V such that (¡ 6 s çr r'". Þ 3y V x Y(fi')r'x) '

Deflne the c'-r.e. set B E ¿ ' o¿ as follows :

<pryrcB :r¡ ((P=o ^ Y€o) v (ß)o 
^

Lo.F Vf' .tr 3xrV(ß'Y"x)))'
Then we have for ß > O :

ß e s + [yl<p,tr> e B] =/t6( Ldþ VxV((t,ú,x)) < o( ancl

rpe s e(yl<p'y>qB)= a

Flx an c-recurslve enumeratlon (Br)o. o. of B for the

followlng.
For any set M and any x e lo, we wlll use ln the fotlowlng

¡a(x) as ên abbrevtatlon for M o (txl r !*) .

Ao, wlll be the set of elernents whlch have been put lnto A

þllg stage a t

Le¡nna ?j Âseune that K ls an o'-flnite eet of c(-cardL-

natity leee than olcfa. ' Further assune that W ls an òù-r'e'

set such that n(x) ls regular for every x G K ' then

U [w(x)l x e K] ls regular.

(w,r)., . o. of vl . For given

: K.ra bY

L0 ) There exists a bountl

I x e Kl n L0 ç W oO .

Proof : Flx an enumeratlon

ß . "t cleflne a ã, functfon f

f(x) :=Êü(vlø n w(i) n 16 = w(x)

qo for Rg f and we have U I i'l

ll

(x)

In the followlng rve wlIl wrlte * t W"rt for

û, F 0(qerx)) where Q 1s a fixed Et lo, deflnitlon of

urot'
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f'or the consfuleretl o.-r.e. sets À and C anrl thelr

enumeratlon" (4.). .. antl (cr)- . o( we hrlll say that

at Êtase <r there exlsts a computatlon of rrg 3e ¡n for
trK s Ld - C[ wlth neeatlve nelehborhooal H tf
J Ht e lro(<Kr'l,HrrH, . w"rr 

^ 
Ht e Ao l H e I'o - An)

r¡Ie fix an 1-1 22 Ln functl-on g whlch maps q2pGr partlally
onto d. . g-1(") w111 be the prlorlty of the requl.rement" P"rN"

for e e o¿ . Using the assumption e2po- ca2efe lt is eaay to
see that ef'(y n tlom g) 1s e-fintte anct S(ttr) Éo.D for every

y <nlpor where r('x) ,= I 1 u(e) I e-1(") . r l

floqo I I I a2af a >- a2n a and e2af a > us

The next tlefini.tlon ls the flxpolnt device which wae mentionetl

ln pofnt 5) of the motlvatlon.

À ls an e-fixpolnt at stage ß)à :tÐ

forevery t.l therelsa ar suchthat tstr< ) andthere

ls a stage a < I such that at stage o' there exlsts a computa-

tlon of , 
ilC <e Ax for tttt - CÀ E Ld - Ctr with negatfve nelgh-

borhood H antl we have H I Ld - Ân .

hfe say that thts e-ftxpotnt I ls @!-&, at stage A tf
C^n I f c6 n I .

The ilrestraint functlonrr r : d r ot' å c, will play a slmilar
roLe as in Soare Eztl and ls ateflneil by cases :

Case 1): lhere exlsts a stage o'" Ê such that some l. a 1s an

lnactlve e-fi-xpoint at all steges ln [qrß] := [t I a< c +fl
Take the least such c. Define r(e,ß) to be the least X < q

wblch ls an Lnactive e-flxpoint at all stagee in Lcr,p).
Caee 2)¡ Define r(e,B) to be the unlon of all e-flxpol-nts À at

fl otherwise.
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We further neetl an o,-recursLve approxlnation functlon g'(')

(of two argunents) wlth a-recursive domal-n whlch has the property

that for all y < c-zqc there exists an ordlnal tr t * such that

forall x€t^ttomg andall l'.t!, wehave gt(x)tg(x)

In atlctltLon we want to have that

(t ) e(x) l er S to Va >, co( ea(x) ù ) and

(z) V tlntts l.a(er(x)t e' 3to. l V'(c64q < À + e"(x)J,))

antl that gn'(') ts 1-l for every 0r < e

Becauee of the tliattngulshetl role of the requirement PO w€

further neetl that g(o) : o antt ci(o) t 0 for atr c < c' '
îhe aleflnitlon of an approxluratlon functíon g'(.) wlth these

properties ls routlne.

Observe that in general we canrt get the following property

whlch one would reall-y Ilke to have :

Vy . '2pu3<roVz -. y V ø >úo( ecþ) , eG) )

(see the polnts z) a¡r¿ l) ).

Constructlon :

At stage c we consltler every <ßrY) e Ba+1 such that g"(z)"ß

for sone z <a?pc

If <ltrÌt ls not alreatly an element of Aq we put <13'üt lnto A

at stage c if

a) .l3rt) ) r(go(z')rc) for all zt e (z+1) n dom ga and

b) <Frf,) > t for all t <cr such that not (z+1) n don ga c'

(z+1) n don gt .

Entl of construetlon.
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For a negative requírenent N" there. are ln general u¡t-

boundedly many stages c where some posltive requlrement Pe, of

trury tower prlority (r.". ell(") -. e-î(er))'thlnks that lt may

inJure N" because of the weak approxlmatlon property of g'(')

The following I,e.mma shor¡rs that in some spéclat Eltuatlons these

unwanted inJurles wtll not occur because of clause U) tn the con-

etructlon.
In the follolvlng we always wrlte nl for the least r euch

that Vcr > t Vx e ¿' n dom g (e'(*) ' e(x)) .

I'emma 3 ¿ Assune that ¡' < tr2pe, tl'' a 3 É,

yndoÍrg'=l¡domg and zèt'^ domg.Ifatataget an

element ,(1,6, is put into A such that <(116> < e and

.prJ, < r(gE(z)rt¡ then there exists a zt ¿, z such that

z'ef, ndomg antl g(z')=0.

Proof : According to the constructlon there exlsts a zr

such that Cr(z') " G . Slnce clause b) does not restrain <p,á)

at stage t we have (z'+1) n clom gt ç(zt+1) n clon ga. We

further have zt < z because <l3rd> <, r(gt1z¡rt¡ anat .prá> 1s

not restralnett by clause a) at stage t . Since < >.9 >. Ét 1t

follows that (z'+1) n tlom gt - (zt+1) n tlom g anal

ctt ((z'+1) n dom g ) = cl ((zt+l)rt dom c ) . rn partfcurar we

have that zr € (lom g and g(z') z et(z') = (l .

The following Lemma wlll solve the problen whlch wae descrlbed

ln point l) of the motlvatlon : In the case where the prforlty

g-1(") of sone negatlve requl-rement N" ls a llmlt ordlnal we

have probtems to contror u tl(i) I e-1(r) . e-1(") ] anil the

inJury set I" . Lemma 4 glves a euffLclent condltlon for a stage

a that sone computatlon whlch exlsts at stage q will not be <le-

stroyetl later. It 1s lmportant that thls contlitl-on can be expressed
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by usrng Just U tB(1) t e-r(r) . c-l(e) ] , not U tl(i) |

S-1(i). g-l(e) ! . I flxpolnt argument In Lemrna 5 w111 show that

thle condltlon wlll be met by an unbountled set of stages'

The propertles of o2pc' ancl the assunptlon a2por' ¡ e2cfo¿

lnply that for every y < e2pa- there eilsts a stage E 
"c¡' 

such

that for everY z e ¡r n tlon I
¡13 l( f ls an inaotive e(z)-trxpolnt at all stages e>' f, ) +

3 I( À ls an lnaotlve g(z)-fixpofnt at all stages q >- t ) '
In tbe followlng we wrLte ttt for the least such 

' " 
tl '

We further deflne

n!'r) :- s('t) n n,
B('tr) Uts(")l *-,(").lJ

Lemna 4 : Âssume that Ù2 ltr ls a stage such that

y ô dom gn = to tlon g, n!tÏ) n cr = 3(ty) n t an{l no elenent

x < êup tr(e(z)rc) I z ey n ilom e) ls put lnto A at stage t '
lhen we have for every z e t n tÌom g and for every stage \ >'q :

r(g(z) rr) >, t(g(z),a) and no elenent x < c with

x < r(g(z)rr) is put lnto A at stage t .

Proof : IntluctÍon on z e I n dom g'

Assume for a contratllctlon that some x < d wlth x < r(g(z)' <rO)

ls put lnto A at stage dO .

By Lenna J there ls some zt < z euch that zr c tlon g antl

gþr)a (l where a = <p¡ú) for gone I . therefore we have

* . s(tf) ô c = "Í'.t) 
., r . v,le consltter two casee i

CI x was not put lnto À at stage c sLnce x < r(g(zrr)'c)

where ztt e (zr+1) 
^ 

tton g . By our intluctlon hypothesls we have

t(g(z' ')rc) s r(e(z' ')rao) = r(gao(2"), qo) and x wlll not be

put lnto A at stage lO either.

Ð x vras not put lnto A at stage q since there exlgts cr:o'

euch that rr r x ana nãt (zt +1) n tlon ga ç (z'+'l) n don g tt .

antl
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Slnce (zt+1) n clom g' e (zt+1) n tlon gaO x Is not put into A

at stage .O because of clause b) tn the construction.

It renalns to ptove that r(g(z)rt) > r(g(z)ro) for all

Í >. q. Assune that there 1s a minimal stage qO ) a suoh that

r(e(z), o0) . r(e2) rtr) . By the precetllng no element v < r(g(z) 'ú)
w111 be put into A at some stage g where e < E 3 tO .

r(eþ)rto). r(g(z),4) ie therefore onlv possible if r(e(z)'ao)

is tleflned accorcÌlng to case 1 ) of the deflnltion of r whereas

r(g(z)ra) is tleflned accortllng to case 2). stnce t(eþ) rto) t t

no element y < r(g(z)rto) wll1 be put into A at any stage

r à qO : OtherwLse assune that tl is the mininal suoh t ' Slnce

r(g(z), aa) ts deflneal according to case 1) we have r(g (/1 (z),e'r)

= r(e(z)r.o) , y antl y can't be put into A at stage n1 aa

it was shown in the flrst part of this proof. thus we have provecl

that sorne l. tO ls an inaetlve g(z)-flxpolnt at all stages l'n

[aore) whereas there le no lnactlve g(z)-ftxpotnt at stage c .

Slnce we have td,t S d this gtves a contratlictlon to the

tleflnitlon of rì ancl we have proveil that r(g(z)rt) >, r(g(z)ro)

for all Í >c

Remark: If a satlsftes the assunptlons of lemma 4 then no ele-

nent x < sup [r(e(z) ra) I z ey n dom g t 1s put into Â at any

stage I ) o, . Therefore these stages <f play a role ln thfs proof

whlch 1s slmllar to the role ofrrtrue stages" (eee Soare[2rJ) in

the proof ln ORT.

Irenma 5 :

a) -¡c slA
b) o(e) -* 

"(e)

For every e e d. we have

and

Proof : For óonvenience we prove a) and b) sinultaneously by
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lnrtuctlon on g-1(e) . Assurne for the following that e-1(.) = u

and that a) ancl b) are true for all er such that *-11ut¡. z .

Observe that thls assumptlon does 1n general not inply that

U t¡(e') I e-,(e,) < zl =. U [r(e') ¡ g-1(u') . zl tf we have

vScfq < z, which ls of course posstble (see point l) of the

notlvatfon). But we get the information that y ¡¡("') I

g-f(", ) < z! is regular : sfnce every t(et) is regular we get

from o(et) -r g(e') that every o(et) fs regular as well. Then

Lemna 2 tnplies that U tn("') I e-l(et) . z! ts regular. Thls

is the only fact whlch we use from our lnductlon hypothesls so that

ln the case o'lpot - ct we don't nee<Ì an lntluctlon at alt (thts ls

rather eurprlslng lf compared wlth the sltuatlon 1n oRT , see[23]).

For ¡ z= z+1 vre tdrite H for the set of those stagee c

where the assunptlons of Lemna 4 are satisfled. !{e want to prove

that M is unbounclett in o¿ by uslng the regularlty of O?z) ,=

U tA("') I u-t (e,) < z !

For lrr. * clefine Àn+l ,=¡+ t> Àr, (Vye (((z+1)¡aom gln)

- cron g ) 3 t, e t ( st'(v) I ) ^ 
BÍ¿)r\ lr, = B(<y)n ln 

^
olÍu) n lr, = ¡(t z) n lr, )

By uslng property (1) of e'(,) anct the fact that u('y) and

¡('z) are regular d,-r.e. sets lt ls easy to eee that lrr+l . o

exlsts. For every given lo . * wlth ìo , 
"C 

ileflne then

l:= sup[Ânl n<cr] . rVe have L <cr' since the function

n r+ l' is ãe Lo,,. It foLlows from property (2) of the appoxi-

matlng functlon and l,enma I that I e ll .

We wrlte IN for the a-flnlte set of all z' A z such that

aome ì < ot ls an lnactive g(zt)-flxpolnt ln [tr¿) for 6ome

r <o( ([t,c,¡ := lrtl r s tt. ¿] ) . luen we have that r(e(z'),')

ls constant ln [c.rc) for every zt € IN according to Lemna 4 t
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where tO ls the least elenent of M . Therefore lt ls enough to
show sup(r(g(z'),.)l acM ¡z'e((z+1)nilong -IN)) <a.

in orcÌer to prove that sup Ir(g(zt)ro) ] c c M 
^

z' e (z+1) n dom gl < d

Thus aseume for a contrarllctlon that
Vt.o.Jqe Mlzt e ((z+f)n donC -IN)(t<r(g(z'),e)).
Ihls lnplfes that for every K ê Le

KeIJo.-C et )ee ltrÀø,e ((z+1)ndonC -IN)
(sup K < ¡(g(z')ra) ¡ K e L* - cn) .

the part rr I tr of thfs equlvalence is obvious from our

aeounptlons. For a proof of rrtsrr we assune that arzt,K tlo

eatlsfy the rtght side. By Lenna 4 we have that r(g(zt),a) ls
deflnetl according to case 2) of the tteflnltfon of r slnce

1zr € IN . Therefore the¡e le at s eone g(zr)-flxpofnt I *

r(g(zr)rtr) such that sup K < I antl I ls not an Lnactlve gþr)-
fixpolnt at q whlch means that C, n I = CÀ^ I . By Lenma 4

there ls no stage t >. a such that an elenent y ( I le put lnto
A atstaget.Thereforetherelsno y<l antl \te euch

that V c C"*, - C, slnce otherwfse sone It c I would be an In-
active g(z')-flxpoint ln [trc,) , contradfctlng 1zt e- IN . Thus

we have proveclthat C-nì =C nl wbich showethat K EI'q-C.
The equivalence which was Just proved lnpltes that C rn A(ttr)

efnce *q G Mu can be expresaetl q.-recurafvely ln 3('f) . 3o¿

this ts absural because we have S(ttr) a.,,D.Îhus we have proverl

that S:= Buptr(e(z')ra) I aeMa vt ¿ (z+1) odongl. a

In oraler to prove a) assurne for a contrartlctlon that C aX I
For ìl . c we define li+l . d by

lrl+l := ¡t > l{((the same as ln the cleftnttlon of lrr+t) 
^

Can ll = C n lå a (at etage t there exl.sts a computatlon of
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ng 6e ¡u for ,¡å - C g Lo( - Crr with negatlve nelghborhood H

Euohthat HgLq-À))

We have again that |r := supte;l n ero ! < cr' for every

glven lô t * elnce the function n 'r tl ls ã, tteflnable and

lf we etart wlth some lð ) "/ 
lt 1s obvtous that lr e M antl l'

La a gþ)-flxpolnt at Àr . Now ft canrt be the case that

r(g(z)rc) ts aleflne¿l for some e c M accorcllng to case 1) of the

ileflnitlon of r because thts contradlcts C a: A (use Lemma 4) .

This lnplles that r('ei), I ) = l' for all these stages il e M

which ls absurd slnce we have provetl Just before that S < q' '

For the proof of b) we choose Grl e M such that o'.t > S It

follows fron l¿enna 4 .that 4(e) t t, = ofil' î cr1 ' Further we

have o(e) - tl = B(") - o', bv the deflntilon of s whlch to-

gether ghows that o(e) =*t(e) .

Ihe proof of lheorem 1 ls now very easy. Tfe get rC <o.A

an¿ D = B(o) =- A(o) *o. A fron f,eurna 5 . In ortler to show

S scAr we ftx a coflnal functlon f : rcf Â + ot whfch ls weakly

d -reourelve ln Â (A is non-hyperregular elnce D ie non-

byperregular and D .4.â, ). l,emna 5 b) lnpl!-ee that for every pec'

O ês rf Vx< rcf Â 3, ) f(x) ('r<p,ú>e A)

(we nay assune wfthout loss of generallty that o e s ) .

Ihere 18 a parameter p e È such that for all ß antl x

xcrcf A a 36>r(x) (r<prt> €À)el (prxrp>eAr .Thenwe

have KrSrÐ [pt¡rcf ArKÊAr.

Concernlng the conputatton for rç ç L* - Srr we observe that

nK E Lq - Srr can be written ae a T[, formula. Stnce rve have

UrO. ar..Ot (see the flret pert of the proof of lheorem 2 b) ln

$2.) thls IT, fact oan be expreseed ot-recurslvely 1n Ar .
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Case ll) : ú > d2cf a = û2ncr. = o.

The proof of Theorem 1 ls sinpler 1n this case since the

problen at llmits of the prtority list rloesn't occur (see polnt 4)

of the motlvatton). The constructlon is closer to the one ln ORT

L217 but, we have to be awsre of the other potnts ln the notlvation
and the fact that rve cantt use the regularlty of A as 1t Ls done

tn ORT (tttrue stages" ) .

Accorcllng to point 5) of the motLvatlon we flx a strictly
increaslng cofinal functlon f : rcf D { ct whlch is weakly cl-

recursive ln B(o) hrlth an lndex e . Ì¡fe deflne then

rt(x)J :<-) 3ts,r 3y lu (.xry,H, 
" w"rr ¿r H EfOl . Lc- o[o).

If f'(x) J we go to the least such t le and ehoose.xr|rfi>
mintnal (with respect to a flxecl canonlcal Â1 Lo. well ortlertng

<4 of Lo,) such that .*rf ,fi> e We,, ^ û e La- of ) . l{e then

say thal fe(x) o $ and fi i.u ttr" negative nelghborhood of thts
c omputat ion.

Iurther we f.lx a l, I',' functLon g such that dom g = rr,

antl g maps cr .l -1 onto ca . We have ln thls case a very nl-ce

approximatlon g'( . ) to g where don g'(. ) = q. r r.) antl

Vn< u iloYn s n Vt>c(gt(m) ¡r e(m)) We requtre further
that ct(.) is 1-1 for every í anct that'c(o) s ca(o) i O for
all q.

Analogously as In Soare [Zrl we aleflne functl_ons I antt r
relatlve to flxetl enumerations (CaL.d. and (An),r., .

For Þ, ø € cr. choose 1(eru) -< rcf D maxlmal such that for
all x < l(e,c) the followlng hotds :

There ls a stage r É c such that ft(x) .1, and the negatfve

neighborhood fi of this conputatlon satlsfles fr s l* - Ao. anrl

at stage t there exLsts a computatl.on of ug 19 ¡tt for

259
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nK"r, := ft(x) - Cr e Ld - Cr wlth negatlve nefghborhood H antl

H eattsflea H s trn - Ar (we then wrtte ? for the mlnimal quch

N g t anrl fi tot the minimal such H )

For u(erxrc) .='-l(fisf ^ 
ñ sy) rvetbentlemairttinthecase

that a ls a eueceeeor stage that no y < u(erxru) was put lnto

A et etage î-1 .

Flnally r"e denar¡tl (for any a ) that cõllfd(x)=car.fd(x)

If we then have for tbls l(err) that l(e,c) < rof D and

for x = l(ere) alt the oondttlons ia the rleflnitlon are satls-

ftecl exoept the last one (r.e. c¡ n fd(x) = co, n ra(x) ) we say

that e ls lnactlve at stage c antl tleflne

r(erc) := sup I u(erxrt) I x < 1(e,o) ]

Othervfse we deflne

r(erc) := eup tu(erxrc) I x < r(e'o) ! .

It ls convenient to choose the unlversal enur¡eratlon (W")".,

ln guch a way that WO = I so that we have l(o'a) = r(orc) = o

for all .r .

Conetruotlon :

At etage o we consltler every (FrÌ) € Br*t euch that

ß e ng cG(.) . If .ßrl) ls not alreacly an elenent of Aa we put

(0rl') lnto Â at etage Ú lf

<0,t) r ¡(ga(n)rq) for al-l n 3 n where ed(n) " li

End of coDstructlon.

the olaime of Theoren I follow as ln case t) frorn the

following Lenma .
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Lemma 6 : For every n € tr we have

a) ¡(e(n)) -*r(s(n)) 
"r,¿

b) rc <gjn) o.
P¡oof: Inductlon on n . s) antl b) a¡e trlvlal for D = O "

elnce WO = I and for all a gt(O) ,, O . Assume for the followlng
that n¡0.
a) ble get fron the propertles of B and the fnrluctlon hypothesfs

that o(tn) ,= U tl(") I e(e) . n l is regutar. choose ro such

that V a ) do Vn ¡ n (e"(.) : e(n)) anat deflne

To := [c >aO I o. is a suceessor stage and an element y is put

lnto ¡(<n) at sùage r,-1 such that v n À('n) = y rt ÂÍn) I

Define I := tm ¡ n l3cr s fr, ( e(m) ls lnacttve at c )l

Then there ls a stage ql ) cO euch'that

V c >, c, Vm e I ( r(e(n),c) = r(g(n¡,cr))
Take further any m e (n+1)-I anrl assume that eup I r(g(n),c)l

o' 3 T¡Ì = ¿. Then we have eup f l(g(m)r.c) I ce Tnl = rcf D

(Uy ttre cleflnltlon of rcf D) whtch inplles the contradlotion
, a"A(ttt) ccD . Thus we have ehown that eup fr(g(m)ro) |

m < n 
^ 

c e Tn ) < or. whlch 1s useal for the proof of

¡(e(n)) =* s(e(n)) "" usuar.

b) g.e(n) A lmplles that sup tt(e(n)rc) I q. rrrl = rcf D

which is absurcl accordlng to the precerllng.

Ihe proof of Theoren 1 is now finlshett. lfe have proved

Theorem 1 in order to get the followlng corollary :

Corjrllar.y : Agsune that q2cf c. ¡c2por . then there exlst
fnconplete hlgh q.-T.e. degrees.
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?roof of the corollary: The case cr = o2cfo¿ 1s provecl 1n

Shore [20] . For the other atlmlssible o. there exlst lncomplete

non-hyperregular c,-r.e. sets D ff a2cfe >, t2po. accorallng to

Shore t19l (see also t1'll for another proof of thls fact). Apply

Theorem I to thls set D a.nd an cr,-r.e. set C € Or .

62. The desree ot/2

For those o( where incomplete non-hyperregular ot-r.e.

tlegrees exlst there exLsts a cllstlnguishecl a.-clegree between 0r

antt or I for whlch we write o7/2 . l{e w111 ghow Ín the following

antl ln t1îl that there ls a close connection between O3/2 ancl the

Jump of non-hypenegular o¿-r.e. clegrees.

I¡emma ? : Assune cx. ls such that lncomplete non-hypenegular

ot -r.e. degrees exlst. Then there ls an o¿-clegree o7/2 euch that

a) o, .4 g3/2 1n g,

b) o3/2 ls the greateet Az Lo degree (r.e. o3/2 eontains a

Az Ln set and o *no1/' for every A2L* set D )

c) ot/2 ls the greatest tame- Zr r,, clegree (t,e, o3/2 contaLne

eset S suchthat [KeLrlKçS] ts IZL* antlwehave

n <no1/2 for every set D wlth this property )

d) u2le -.ro. g H o5/2 sn g, for the set urlt eorr antl any z .

Remark: If ¿ ls Z, actmtsslble then 0r 1s the greatest

A2 lo. rlegree and Or I is the greatest tame 22 I clegree. Thus

for the o¿ of the Lemna they meet together in the mlcltlle' one

conlng from below, the other coming from above.
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Proof: ltz=, lo¿r0) wlth C e 0t regular ancl o¿-r.e. le lnad-

nissibre.A set s -c l,os ts Azlo. (tame- Z2 r'4) 1f anct only If

s 1s Á.,Yr (tane- tlfr). Frledman IJJ observetl that for inatl-

mlssible p a greatest Af Lp p-aegree exlsts whlch lIes strlctly

between O and Or antl whlch ls an upper bountl for the tame-

Et lp tlegrees. Thls result cantt be generallzerl to aLl lnait-

missible structures <lßrD) even lf D ls regular over Lß t

the structure f¡ = < L- tr0 ) with C € Or ilrl-r.e. and regular fe

inatlmissibl" (we havet-,^¡ = rlcf$¡l . ,,, lp$ rf; = nrl ) but ot

1s the greatest A,rL degree . But Frietlmanrs argunent works as

well for those inadmissible structures 'Yr = <I,prB) where
ú

.1p"f] . p Accorcllng to lemma 1 we have a?po. < <r. for those

ô¿ where incomplete non-hyperregular or-r.e. tlegrees exist. Slnce
t

vúe have a1p oa = a2p o( for the considerecl structure $ = (L¿rC)

there is no problem wtth the additlonal assumptlon in thfs case.

Take a Álú set M E c. out of the greatest A1ú S-degree

J anct define ot/2 to be the ot-degree of the A, L.. set

C v M := [2xlx e CJuf2x+l lxc M]. Then we have for every

set S ç La that S is (weakly) Û-recursive ln M if anct onty

tf S 1s (weakly) o¿-recursive Ln C v M . Iherefore we ca¡l prove

a) anct b) for the so cleflned o(-ategree ot/z by uslng the corres-

poncllng propertles of the ú-d"gree J. .

In order to prove c) it rernalns to show that X contalns a

tame- f., {r set. In the case c2cfot ; o'2pot this follows frorn

Theorem 1 tn [9] . If we have q\cf ot. < e2p cr- then f¡ ts

strongly inadmlsslble ancl tane- f, $ sets which are not of de-

gree 0 may or rnay not exist for these fi. , depending on the

flne structure of l¡ as it ls shown 1n $2 of [!J . However ln our

sltuatlon where incomplete non-hyperregular o¡-r.e. degrees exlst

we have an oc-carclinal x ) ø2p o¿ such that azcflar = e2cf q.
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aocordlng to Lemna I . [herefore we can apply the constructfon of

Lenna 5 tn t9l and get a tame- r.t set of degree I.
Property <t) fotlows frorn Theoren 2 tn t91 .

Renark : The greatest AZ hq antl the greatest tame-

E Z Ln degree can be rleternlnect for the other admLssible o( as

well. The results mtght be useful for the stutly of f, !* cle-

8rees.

For c. wlth a2cf q < c2pot = cr. we have that the greatest

AZ Ln ilegree is equal to or I and the greatest tame- Z, Lo.

degree le equal to Or (thus theee two degrees have swltchetl thelr

placee compared wtttr. Z, admlsglble a. ).
For the other o¿ vrtth the property that Or ls the only

non-hyperregular o(-r.e. degree we have that a2ofc' < c2pe < c

antt ln thle case thère le a greatest A, L degree strictly bet-

lveen or an<l or I whereas the greatest tane- ã2 rtegree ls either

equal. to the greatest Áa tteeree (tt vzcfLa(a2pc) = c2cf ot ) or

le equal to Or (otherwtse) as one can see by usLng l¡emna I

ancl arguments of $2 ln t 9J .
For all o. whlch are not 2, adnlsslble we have that the

greatest A Z Ln degree A has the property that U2L' -truo. g ef

r s. Ê, for every c.-alegree g .

fhe followlng rather technlcal Lenma wlII be the heart of the

proof of theorem 2 . It generalLzes an observatlon of Shore

(Lenna 1.1 int18l) whlch elso hae lmportant appllcatlons ln P-
recurslon theory (see Lenna 5 , $2 fn [9] ).
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I¡emne 8 : ConeLder a etructu¡e

ortllnal l.ß suohthat olaf*ßr9
(see $o. for rteflntttons).

$= < IrprB ) antl 'a llmit
t, {,1. ,lrptt

1 ,(l
and clof

If DÉ ],À ls regular over IrÀ antl tK e lj K 3 Dl ts ft fr- ttren

{K e LrlK I LÀ - D} 1s frt as well.

Proof: The sane trick ag ln Shore tlSl ls usetl. Flx a Zrd
deffnltl-on 1Y of the set [K e L^l K r Dt ' e coflnal Ztl
function p : alcf¿t + l antl a coflnal frú functlon

q : r1cfúp + p . Deflne a fir{ set m c'torúx . -tor¿p uy

<y,f>eM :rå Vx " Lr(¡) (x e D ..lq(¿)'Lq(¿¡n B) þ

[3r(xeK¡lf(r))J).
lhen we have ln faot M c L¡¡ antl thus get a f' ú deflnltlon

of fK é l,llK I Lt - D ] ag follows :

K€frlr KeLt-D€:ltf,(<¿rÚ>e llr K eLl(y)r KeLq(¿)^
.Ls(¡),Lq(ó) a B) þfYx e K rJK'(x e K' 

^ V(r'))J).

Theoren 2 : Assume that c2cf ot < e2pa antl a Ls a¡¡ ln-

oomplete d-r.e. tlegree. Then we have

a) gr = or lf g ts hyperregular (strore) a¡rtl

b) 
^, = g7/2 if ?. ts non-hyperregular .

@¡!¡. a) le oontalned ln Shore [2OJ . It followe

lmnettlatelyfronLennaB ! Choose t¡=(L4r0) wltb C GOr

q,-r.e. antl regular, l:=cr., D e gt regular anil fl<Iro(rÂ)

where À c g Ls c-r.e. and regular .

b) Assune that A ¡ g Ls ot-r.€., lnoonplete, regular anil

non-hyperregurar. Then we have q > ø1cf(!a'Â)q )olp<Lc'tÂr.

aooordlng to Shore t,18l (thls faot followe lnnedlately fron I¡enme

a ). For 19 := a'lcf (L,rtÀ)o( 
we can flnd a 5l(L4rA) funotLon s
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vùhlch mapa c 1-1 onto tr . Take any set S which ls tÌeflnecl by

a Z2 fornula ) y Y z 0 (xryrz) over I,* . îhen we have

x I s e¡ Vy 7 zrþ(x,y,z) *' Vyea )i ) z (e(i) = v n

'r{(x'Í'z) ) c' [e]' tr' [x] e At

for eome flxetl lnclex e . Thls lmplles S fwc. Ar (it is this faet

whfch l-s actually provecl Ln Theorern 2.7. In t20l). I'le get then

g7/2 ,n ¡, from lernma ? cÌ).

In order to get g1/2 =n ¡' we show that

(thts lnprtes ¡' ,ng5/2 by r,emma ? b) . since

Ar ls ÁZ Ln

Âr ls obviously

2 Z Ln lt ls enough to show that År 1s frZ L* . tl/e clo thls by

ehowlng that Ã := r[lr] is lT, Lo. where f : ct r alptlo'tA>o.

le a l-1 ¿1 <L(rÂ) nap. lVe apply lemma I to the structure

f¡ := (l,cror wlth C e Or ¿-r.e. antl regulart

I := o.1p<LctA>* ancl D := î . Ihe assumptlons of the Lem¡na are

aII satlsflert in thls sltuatlon :

we have clof3* = q2crq. < a2pa. = gfrn, ., lcf$À < v2cf* . frl.

(tafeacoflnal ÍZLn functlon q:c2cfc[+o. if "q lethen

ooflnal tn I becauee accortllng to Shore hBJ we have

trlþ'ot = q1p<larÁta ( oicf(lc,A)o(, therefore r-1lng f n y)

te bounttetl for every y . I ),
Ã te regular over Lt (because ñ ts :l <r,drA) ) and

[K c I,^ | r e f ] ts zl <IJcrA) (slnce l-. alcftl¿tA)a ).
[herefore [KcL^lKe f,^-Ãl ls Zl& accorttlngto

I¡enna 8 whtch lnplles that Ã is fr2 lo,
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$J. sumnary

Íwo factors determlne the results about the Jump of d.-r.e.

clegrees : the relatlve size of tLcf a ancl ùzpcr. antl

the existence of lncomplete non-hyperregular .r.-r.e. tlegreee.

Therefore we cllstlngulsh four cllfferent types of aclnlsslble

orcll-nals oa- !

lJ) cr2cfc >. v?pu- ancl there exist no incomplete non-hyper-

regular o¿-r.e. tlegrees

(these are exactly those o¿ whlch are ã, adrnfssibte)

!! e2cfo. ¿ e7pa. anrl there exlst incomplete non-hyperregular

d -r.e. clegrees

(these are exactl-y those ô¿ whlch sattsfy o¿ > cr 2cf ct ¡ c2p cr, )

lÐ n2cfa, < a2pa- and there exlst lncomplete non-hyperregular

o¿ -r. e. clegrees

(+) o.2cfot < cZpa ancl there exist no lnoomplete non-hyper-

regular o¿-r.e. clegrees .

For the types (2) and (7) there exlsts the dlstlngulshed

cÌegree o1/2 between Or ancl ot I wfth the propertles that have

been descrlbecl ln lenma 7 .

Fox ot of type

d -r.e. degree L

For q. of type

that Er = 0r if Ê

(4) we have êr = Or for every lncomplete
(shore [2ol ).

(¡) we have for lncomplete cr.-r.ê¡ degrees Z
ls hyperregular respectlvely

accordfng to Theorem 2 .

g' = o7/2 ,.Lf

g ls non-hypertegular

For q. of type (1) and (2) there exlst Lncomplete c-r.e.
degrees g. such that gr = 0tr according to $1. (see Shore [2OJ

for type (1) ).
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In partloular we have thus shown the followlng :

Coro1lery: Aserune that q 1e admlsslble. Then there exlst

hlgh lnconplete q,-r.e, clegrees if ancl onty if t2cf e. >. e2p u' .

We wlll oontLnue the study of type (t) an¿ (z) fn [tt]. ft
turns out that (2) ls the most lnterestlng type as far as reeults

about the Junp of q,-r.e. tlegrees are concerned.
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