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Abstract

We examine the power of constant depth circuits
with sigmoid (i.e. smooth) threshold gates for com-
puting boolean functions. It is shown that, for depth
2, constant size circuits of this type are strictly more
powerful than constant size boolean threshold circuits
(i.e. circuits with boolean threshold gates). On the
other hand it turns out that, for any constant depth d,
polynomial size sigmoid threshold circuits with poly-
nomially bounded weights compute exactly the same
boolean functions as the corresponding circuits with
boolean threshold gates.

1 Introduction

Research on neural networks has led to the inves-
tigation of massively parallel computational models
that consist of analog computational elements. Usu-
ally these analog computational elements are assumed
to be smooth threshold gates, i.e.v-gates for some non-
decreasing differentiable function v : R — R. A
v-gate with weights wy,...,w, € R and threshold
t € R is defined to be a gate that computes the func-
tion (z1,...,Tm) — 7(%%}'_'__1 w;z; — t) from R™ into
R. A y-circuit is defined as a directed acyclic circuit
that consists of y-gates. The most frequently con-
sidered special case of a smooth threshold circuit is
the sigmoid threshold circuit, which is a o-circuit for

1
o : R — R defined by o(z) TFexp(=z)’

Smooth threshold circuits (y-circuits for “smooth”
functions ) have become the standard model for the
investigation of learning on multi-layer artificial neural
nets ([K],[HKP],[RM],[SS1],[SS2]),[WK]). In fact, the
most common learning algorithm for multi-layer neu-
ral nets, the Backwards-Propagation algorithm, can
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only be implemented on 4-circuits for differentiable
functions .

Another motivation for the investigation of smooth
threshold circuits is the desire to explore simple mod-
els for the (very complicated) information processing
mechanisms in neural systems of living organisms. In
a first approximation one may view the current firing
rate of a neuron as its current output ([S], [RM], [K]).
The firing rates of neurons are known to change be-
tween a few and several hundred firings per second.
Hence a smooth threshold gate provides a somewhat
better computational model for a neuron than a digi-
tal element that has just two different output signals.

In this paper we examine the power of smooth
threshold circuits for computing Boolean functions.
In particular, we compare their power with that of
boolean threshold circuits (i.e. s-circuits for the step
function s, with s(z) = 1if £ > 0 and s(z) = 0 if
z < 0). The most surprising result is the existence
of a boolean function Fy, that can be computed by
a large class of y-circuits (containing o-circuits) with
small weights in depth 2 and size 5 (Theorem 2.2.),
but which cannot be computed with any weight size
by constant size boolean threshold circuits of depth 2
(Theorem 3.1). A witness for this difference in com-
putational power is the boolean function F, with

Fo(Z,9) := Majority(Z) & Majority(y),

where & and § are n-bit vectors.

The proof of this lower bound result for boolean
threshold circuits (Theorem 3.1) is of independent in-
terest. First, this proof demonstrates that the restric-
tion method is not only useful in order to prove lower
bounds for ACP-circuits, but also for threshold cir-
cuits. Secondly, this proof exploits some previously
unused potential in a standard tool for the analysis
of threshold circuits: the e-Discriminator Lemma of
[HMPST]. 1t is essential for our proof that the e-
Discriminator Lemma holds not just for the uniform
distribution over the input space (as it is stated in
[HMPSTY)), but for any distribution. Hence we have
the freedom to construct such a distribution in a mali-
cious manner, where we exploit specific “weak points”
of the considered threshold circuit. This extra power
of the (generalized) e-Discriminator Lemma is crucial:
in Remark 3.10 we show that its conventional version
is insufficient for the proof of Theorem 3.1.
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In order to compute a boolean function on an ana-
log computational device one has to adopt a suitable
output convention (similar to the conventions that
are used to carry out digital computations on real-
world computers, which consists of non-digital com-
putational elements such as transistors).

Definition 1.1 A vy-circuit C compuies a boolean
Junction F : {0,1} — {0, 1} with separation ¢ if there
is some tc € R such that for any input (z1,...,2,) €
{0,1}"* the oulput gate of C oulputs a value which is
at leasttc +e, if F(zy,...,2,) =1 and at most tc —¢
otherwise.

A computation without separation at the output
gate appears to be less interesting, since then an in-
finitesimal change in the output of any y-gate in the
circuit may invert the output bit. Hence we consider
in this paper computations on vy-circuits C, with sep-

aration at least —— for some polynomial p (where n
n

is the number of input bits of C,). One nice feature

of this convention is that, for Lipschitz bounded gate

functions v and polynomial size y-circuits C,, of con-

stant depth and with polynomially bounded weights,

it allows a tolerance of —!—l—— for all y-gates in Cy,.
poly(n)

We will give in Theorem 4.1 a “separation boost-
ing” result, which says that for any constant depth d
one may demand for polynomial size y-circuits with
polynomially bounded weights just as well a separa-
tion of size Q(1) without changing the class of boolean
functions that can be computed.

2 Sigmoid Threshold Circuits for the

XOR of Majorities
We write (NL) for the following property of a func-
tion vy : R = R,

(NL) There is some rational number s so that:

1. v is differentiable on some open interval
containing s, and

2. v"'(s) exists and is nonzero.

Obviously the function o satisfies (NL).

Observe that property (NL) is basically the require-
ment that the function be nonlinear; for instance, if v
happens to be everywhere defined, then (NL) is pre-
cisely equivalent to ¥ not being a linear function. The
nonlhnearity of ¥ is obviously a necessary assumption
for Theorem 2.2, since otherwise a v-circuit can only
compute linear functions.

Without loss of generality, we will assume that

()
= —= >0
c 1 >

for some point s as in the definition. If this value
where to be negative, we simply replace ¥ by —v in
what follows.

Lemma 2.1 Assume that v satisfies (NL). Define the
function

b(z) == y(z+s)+y(—z+5s).

Then, the function 4 is even, and there exists some
€ > 0 so that the following property holds:

8(a+h)—0(a) > ch® for all a,he[0,¢].

Proof. Note that 6(—z) = 6(z) directly from the
definition, so § is even. Moreover, ¢ is differentiable
on some open interval containing z = 0, because ¥
is differentiable in a neighborhood of s, and evenness
implies that #(0) = 0. Observe also that 6”(0) exists,
and in fact

6"(0) =27"(s) =8c>0.
By definition of ”(0) (just write ¢/(l) = ¢'(0) +
6"(0)! + r(I) with llirr(l)!@ = 0), there is some € > 0
so that

() > = 4cl (1)

6"(0)l
2
for all each I € [0,2¢]. Because §'(1) > 4el > 0 for
1> 0, it follows that € is strictly increasing on [0, 2¢].
We are only left to prove that this € is so that the last

property holds.

Pick any a,h € [0,€]. Assume that k # 0, as oth-
erwise there is nothing to prove. As a and a + h are
both in the interval [0, 2¢], and 6 is strictly increasing
there, it follows that

6(a+ h)—6(a) > 6’(a+h)-—9(a+g)

and by the Mean Value Theorem this last expression
equals ¢'(1)% for some [ € (a +&,a+ h).
Since | < a + h < 2¢, we may apply inequality (1)

to obtain
6(a+h)—6(a) > 2clh.

The result now follows from the fact that { > a + % >
h

5.1

2

Theorem 2.2 Assume that v : R — R satisfies (NL).
Then there exists for every n € N

a y-circuit Cy, of depth 2 with 5 gates (and rational
weights and thresholds of size O(1)) that computes F;
with separation Q(1/n?).

Proof. With § and ¢ as in Lemma 2.1 one has
6(a) > 6(b) & |a| > [b| for any a,b € [~¢, +¢€]. Hence
any two nonzero reals u, v € [—¢/2, +¢/2] have differ-
ent sign if and only if 6(v — v) — 6(u + v) > 0. Let
Zi, ..y T, Y1, - -2 Yn € {0,1} be arbitrary and set

u:=%(4(z1+...—tl:cn)—2n+l)’
n

e Ayt 4+yn)-2n+1
v _5( 4n )



Then we obtain
O(u —v) — O(u+v) >0 Fu(,9) = 1.
Furthermore Lemma 2.1 implies that
[8(u — v) — 6(u + v)| > 4c - min{u?, v} = Q(1/n?).

Hence, we can achieve separation Q(1/n%) by using
a y-gate on level two of circuit Cp, that checks whether
8(u — v) — 6(u + v) > 0. Such a y-gate exists: Since
v"(s) # 0, there is some ¢t with v/(t) # 0. Now trans-
form 6(u — v) — f(u + v) into a suitable neighborhood
of t and choose a suitable rational approximation of
6(t) as threshold. B

Corollary 2.3 Assume that v : R — R satisfies (NIS%
and 7 is monotone. Then there exists for every n €

a 7y-circuit C, of depth 2 and size 5 (with rational
weights and thresholds of size polynomial in n) that
computes F,, with separation £(1).

Proof. Multiply the weights of the y-gate on level
two of the circuit C,, with n? and transform the thresh-
old accordingly. In this way we can ensure that the
weighted sum computed at the top gate has distance
Q(1) from its threshold. 8

Remark 2.4. For computations with real (rather
than Boolean) inputs, there has been some work deal-
ing with the differences in capabilities between sig-
moidal and threshold devices; in particular [So] stud-
ies questions of interpolation and classification related
to learnability (VC dimension).

3 Boolean threshold gates are less
powerful

Theorem 3.1 No family (C,, | n € N) of constant
size boolean threshold circuits of depth 2 (with un-
restricted weights and thresholds) can compute the
function Fi,.

Proof. Assume, by way of contradiction, that there
exist such circuits Cy,, each with at most &' gates on
level one. We can demand that all weights are integers
and that the level 2 gate has weights of absolute value

at most 20(k"log%") (IM],[MT]). Thus we can assume,
after appropriate duplication of level one gates, that
the gate on level 2 has only weights from {—1,1}. Let
k be an upper bound on the resulting number of gates.

In the next section we use the restriction method to
eliminate those gates on level one of C,, whose weights
for the z; (y;) have drastically different sizes. It turns
out that we cannot achieve this goal for all gates. For
example, if all the weights w; (for the z;) are much
larger than the weights u; (for the y;), then we can
only limit the variance of the weights w; (see condi-
tion b. in Definition 3.2). Nevertheless, the restriction
method allows us to “regularize” all bottom gates of
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Cpn (see Lemma 3.4). In section 3.2 we show that
the resulting regularized gates behave predictably for
certain distributions (see Lemma 3.7). The argument
concludes in section 3.3 with a non-standard applica-
tion of the e-Discriminator Lemma.

3.1 The Restriction Method
Our goal will be to fix certain inputs such that all
bottom gates of Cp, will have a normal form as de-
scribed in the following definition.
Definition 3.2. Let G be a boolean threshold gate
(with inputs 21,...,2m, 1, ..., Ym) that outputs 1 if
m m

and only if z'w,-:c; + Z u;y; > t. Assume that the
i=1 i=1
numbering is such that

1] € ... < |wm| and ju| < ... < Jum].

We say that G is l-regular if and only if all w; have
the same sign (negative, zero, or positive) and all u;
have the same sign. Additionally, one of the following
conditions has to hold,

a. G is constant.

b. Vi (jwi] > m'/3|w;]) and [wm| < 60ws|.

c. Vi (Jui| > m'/3}w;]) and [um| < 60juyf.

d. |wm| € 30(1 + )]w1] and |um| < 30(1 + D}uyl.

First we will transform a single threshold gate to a
regular gate.
Lemma 3.3 Let G be an arbitrary threshold gate
that outputs 1 if and only if

n n
S wimi+ Y wy >t
i=1 i=1

Then there are sets M, C {1,...,n} and M, C
{1,...,n} of size & each and an assignment A : {z; :
i¢ M} U{yi:i& My} — {0,1} such that

a. when values are assigned according to A, Fy/60
will be obtained as the corresponding subfunc-
tion of F,,, and

b. G, when restricted to the remaining free vari-
ables, is n!/3-regular.

Proof. First we determine a set M, C {1,...,n}
of size n/3 such that all w; (with i € M]) are ei-
ther all positive, all negative or all zero. A set
M, C {1,...,n} of size n/3 is chosen analogously to
enforce the same property for the coefficients u; (with
i€ M)

Set m = n/3. After possibly renumbering the in-
dices, we can assume that M; = M, = {1,...,m}.
We can also assume that |wy] < ... < |wp| as well as
Jus| € ... < jum|. We define



m m 3m
R = {1,...,—},S:={—+1,...,—},
{) !4}! {4+ ) 4}

= {3—;n—+1,...,m}.

By assigning 1’s to the z;’s with i € R and 0’s to
the z;’s with i € T or vice versa, and by assigning 1’s
to the y;’s with ¢ € R and 0’s to the y;’s withi € 7
or vice versa, we obtain four partial assignments.

Let us now interpret G as a threshold gate of the
remaining variables z; (i € §) and y; (¢ € S) By
choosing one of the four assignments, we can “move”
the threshold of the resulting gate over a distance d

with
d= Y il = Y fuil + 3 fsl = 3 ]

€T iER i€T i€R

If for none of these four partial assignments the thresh-
old gate G gives constant output, we have

A< il + Y ful.
ies i€s
This implies that

Yo Gwl )< Y (wil+lwl). (2

€T IERUS

Set a

> (lwil + lul)/(3m/4) and

IERUS
b =3 ier (lwil + [uil)/(m/4).
Then (2) implies for these “averages” of |w;|+|u;| over

R U S respectively 7 that b < 3a.
We subdivide the set S by introducing the sets

3m 2m 3Im m

P = {—--— e — - —
{4 10+1’ "4 10}’
3m m 3m

Since |w;| 4+ |u;| is a non-decreasing function of i
we have for all i € R U S (and in particular for all
iePUQ)

Jw;| + |ui} < b < 3a. (3)

Furthermore, we have for all z € P

[wil + |ui] > a/10, (4)

since otherwise |w;|+|u;| < af10for all: € (RUS)~
(P U Q), and we would get

Y (wil+lul) =

{ERUS
Yoo (wlrluh+ Y (il + b <
i€(RUS)~(PUQ) i€PUQ

3 2 a 2m
3 "?)";'E”“'l—o =
m-a(g 35+ 156150 <
which is a contradlctlon to the deﬁmtlon of a.

(3) and (4) jointly imply that

3ma.

max (jwil + fui]) < 30, mmin (fusl + ). (5)

Case 1: Vi € P(|lwi| > m!/8lu;| V |u;] > m!/3w;|).
We can find a subset P’ C P of size m/20 such that

Vie P (Jwi] > m3|u;]) or ¥i € P’ (Jui] > m/3|wy).
In the former case, (5) implies that
max [w;| < 30 min(jwi| + |usl)
ieP!

i€P’
< 30(1 +m / min w;l

< 60min jw|.
iep!

Set M, = M, = P’ and fix the remaining varlables
such that exactly half of the z;’s and half of the 7;’s
are 0.

Analogously, in the latter case we obtain max Jui] <

60 gn'gl |ui]. My and M, are obtained as above.
iep!

Case 2: Otherwise.
Then Jig € P (lwig] < m¥3ugy|A |ui,| < m/3|w;,).
We have for all : € Q:

[wil + Jus| < 30(fwio| + luig )
< min{30[w;, |(1 + m/8), 30|u;,|(1 + m!/®)}.

Thus we have max;e g |w;i| < 30(1 +m/®) min;eq |wi
and max;eg |ui| € 30(1 + m!/8) minge o |us).
Choose M, to be an arbitrary subsets of Q of size £,

set M, = M, and fix the remaining variables in the
same i{ashlon as before.

If we perform the “regularization process” for all
bottom gates of Cy,, then we obtain

Lemma 3.4 There are sets My, My C {1,...,n} of
size m = 2% and there is an assignment A : {z; : i ¢
M YU {y: i€ My} — {0,1} such that

a. when values are assigned according to A, Fy, will
be obtained as the corresponding subfunction of
F,, and

b. all level one gates of Cy,, when restricted to the
free variables, are nl/3-regular.
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Proof. Apply Lemma 3.3 successively to each of
the k level one gates of C,,. Let M, be the set of
indices of those variables z; which d1d not receive a
value during the processing of all gates by Lemma 3.3.
M, is defined analogously

A is the union of all partial assignments that have
been made in this process. B

We write D, for the circuit that results from Cy
by the restriction of Lemma 3.4. Observe that D,
computes the function Fy, (for m = W)

3.2 The Likely Behavior of a Threshold
Gate

In this section we will exploit the result of our reg-

ularization process. In particular, in Lemma 3.7, we

will show that, for the input distribution deﬁned be-

low, a welghted sum with small variance in weight sizes

“almost” behaves as if all the weights were identical.

For the integer s, 1 < s < m, set U(s) = {Z €

m

{0,1}™ : Zz; = s}. X(s) is the random variable
i=1 m
which assigns to each & € U(s) the value Zw;z;;

i=1

all elements of U(s) are equally likely. Obviously

23w

In the followmg, we will assume that the w;’s are
either all positive or all negative.
m

E(X(s))

Proposition 3.5 Set W = Z w? and
i=1

g:ma:c{'u':]' :1<1i,j <m}. Then

W< So? - B(X(s)

Proof. Set MIN = min{|w;]: 1 <i < m}. We get

1

Wﬁ;(m2~gz~MIN2). (6)

(_r% .iw,.)? > (%m - MIN)Z.

i=1

Also, E(X(s))?
Thus

m? - MIN? < (Z)? - E(X(s))"- ™

If we replace m? - MIN? in (6) according to (7), we
get

W< g g2 -E(X(s))%. ®
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Proposition 3.6 Var(X(s)) < —;—W.
Proof. We have Var(X(s)) = E(X(s)?)— E(X(s)).
Also, E(X(s)z)

O wiz)? =
_)-Ieg(s) ; )
Z Zw, r;+2 Z Z w,w,:n,zj) =

m
( ) EEU(.:) i=1 FeU(s)1Ki<j<m

(m)(Zw, Z z;+ 2 Z wiw; Z ziz;) =

FeU(s) 1<i<j<m FeU(s)
2s(s - 1) Z
—_— z wiw;j.
i=1 (m - 1) 1(£<J<m

IR,

Furthermore, E(X(s))? = (—5

er(s) i=1

1 2
=(Ey 2w 2 =)= 23w

s)i=1 zeU(s) mia
st s, 28
= W Z w;© + Tni Z Wi Wy«

i=1 1<i<j<m
Summarizing, we obtain
s
Var(X(s)) < (= - —)2;10. < ;;W |
iz

Lemma 3.7 Ifmax{*;‘)’—;} 11<i,j<m} = O(m!/3),
then

B, _ ot

Pr(|X(s)— E(X(s))} > mil%

Proof. By Chebyshev’s inequality, we get for any ¢
t>0)

Var(X(s) .

Pr(1X(s) - E(X ()| 2) < =05

Thus, for t = |E(X(s))l) we obtain
[E(X (8))l)

PT(IX(S)—E(X(S))’ 2> mi/4
Var(X(s)) - mY/
E(X(s))?
Proposition 3.6 implies
Var(X(s)) -m
E(X(s))?
and with Proposition 3.5
s-W.ml/2 m o
m - E(X(s))? s s

1/2 s-W.-mi/2

S m EXE)?’

-1/2 _ O(?m—lﬂ)’ 5



3.3 A Non-standard Application of the
Discriminator Lemma
Let G be some boolean threshold gate with weights
Wi, ..., Wy, U1,..., U, and threshold ¢. Set

Es- and b= Es‘.—.l Us .
m

With G we can thus associate the two-dimensional
threshold function az + by > t. Similarly, with
F,, we associate the two-dimensional function F :

{0,...,m}? — {0,1}, where F(z,y) = 1 if and only if
m m m m
>—=A - —Ay> ).
@2 T Ar<DIVE<T Ay D)

Let L be the line az + by = ¢t in R? (where t is the
threshold of G). Let z’ (') be the x-coordmate (y-
coordmate) of the intersection of L and y= 2(z=
). Set 2’ = oo (¥ = oo) if the line L is horlzontal
(vertical). We define

D(G) = min{la’ - |, Iy - 21}

<m

Proposition 3.8 Let 7 be an integer with 0 < r < z

and let U, be the unlform distribution over
V, = {—2——7', 2 4 r}. Then

Prurxu,[(x,y) € V2 faz+by >t A F(z,y) =1}

+ D(G) +1
2 2r+1 7
Proof. Let X be the area enclosed by the two lines

ar +by =tand ax + by = (a +b) - —Tg (The latter
is the line through (-T—;—, -722)) Intersect X with the set

V2 and call the intersection X, .

Let us assume that D(G) = |2/ — Z|. Then X,
will contain at most D(G) + 1 points per row of V2.
Thus |X;| < (2r+ 1) - (D(G) +1).

On the other hand, the halfspace az +by > (a+b)-

% contains exactly one half of all the elements of the
set {(z,y) € V| F(z,y) = 1}.0

Let us consider the case that all weights w; are
identical and all weights u; are identical. If D(G) is
“small”, then G will not show any significant advan-
tage in predlctmg F for a subcollection of the 2 +1
distributions U, mentioned in Proposition 3.8. If on
the other hand D(G) is large (say proportional to m),
then we can trivialize G by choosing a distribution
with a small value for r.
Our goal is to carry out a similar argument for arbi-
trary gates G. Consequently we introduce a collection
Q. of distributions over {0, 1}™ with

0, if |yt -2 >r

otherwise,
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Note that the probability of a string only depends on
its number of ones. The appropriate value for the
parameter r will be determined later.

Finally we define for the considered threshold gate
G with input variables z;,...,2m, ¥
ADV,(G) = Prq,xq,[G(%,9) = llFm(z !77 =1-
Prq,xq[G(Z,9) = 1[Fn(Z,9) = 0].

Lemma 3.9. Set m = gir. Assume that
the boolean threshold gate G with input variables
Z1,...,Tm, Y1, - - Um is n1/3-regular, and that n is suf-
ficiently large. Furthermore assume that the natural
number r € [m31/32, 2] satisfies

D(G) < r/(64k) or D(G) > 4r.
Then )
|[ADV,(G)| £ ETA
Proof.

Case 1: D(G) < &f3-

We know that G is n!/3-regular. We proceed by ex-
amining the three different cases (see Definition 3.2.).

Case 1.1: Vi (Jwi| > m1/3|u;|) and jwpm| < 60}w,].
This implies that |a| > m!/3 . |b|. Hence the line L
is very “steep”. We have in this case,

max{z € [0,m] : y € [0,m] ((z,y) € L)} —

min{z € [0,m]: 3y € [0,m] ((z,y) € L)} < m"/3.

Thus, the set {z € [0,m] : 32’y € [0,m] (Jz—2'| <
m3/4A(2',y) € L} is contained in an interval of length
m?/8 4 2m3/4 41 < 3. m"/3 This implies that

{(z.v) e {Z -, P(z,y)}l

< 3m7/’3«m

L2 4}
- 3m15/8’ (8)

where P(z,y) is equivalent to

(az+by<t)A

32’y € [O,m]z( (az' +by > )A(jz—2'| < m3/4) ).

As afirst step towards estimating ADV; (G) we con-
sider the set

S={Z, el :GE,§=1A Fu(g,9) =1}
where U =
{(fme {0 1}2"1:—7;-— <Zm,,zy, <-——+1"}

One shows that S is con\‘.amed in the following two
sets,



Sl={(f,m€U

IZ wwr—(z zi'z w;)/m| > (Z ti-z: w;)/m/%}

and S; = {(£,§) € U : Fu(d,9) = 1 A Q& 9)},
where Q(Z,9) is eqmvalent to

m m
3,y € (0,1 (1D =i =Y =z <m¥t A

i=1 i=1

a-iz$+b~§:y"- > ).
i=1 i=1

Intuitively, the set S; consists of all those inputs
(that are relevant for Q,) on which our approximation
of G by az + by > t fails. We will show later that
this set has small probability. S, on the other hand
is the collection of all relevant inputs on which the
approximation (in a quite liberal sense) succeeds.

Let us verify the inclusion § C S; U S3. Fix any

m

(Z,%) € S—S1. We then have Z wi; +uy; >t and
i=1

Qi - lal)/m!/*

i=1
m3/4 . |a].

A

m m
|Zwi1'i —a‘}:l‘il
i=1 =1

IN

9)

We need to find vectors 7,y according to the def-
inition of set S;.

m m
If a > 0, we pick some &’ such that Zz£ = Ew.- +

i=1 i=1
3m/4

m3/4. This is possible, since U C U {0,1}. We
i=m/4

m m
then have with (9) a - Zm: > Z w;T;.

i=1 i=1
m m

If a < 0, we pick some z’ such that Zz: = Ez; -

i=1 i=1

m

m
m3/*, We then havea-Zzﬁ- =a'z::x,~—a-m3/4 =

i=1 i=1
m
a- Z:c; + la] -
i=1

m
m3/4 2 Z wiZ;.
i=1

m
Furthermore, we pick some vector y with b-z v >

i=1
m

E‘u;y.' according to the following procedure: if all
i=1

components of u; are positive or all components are
zero, then set ¥ = (1,...,1). Otherwise all compo-
nents are negative and we set 3 = (0,...,0).
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This concludes our proof of inclusion, since prop-

erty Q(Z, #) holds for the pair (27,
It is obvious that Prg_xq,[S1 !I’Fm(z N=1c5<

2 - Prq,xq,[S1]. If we apply Lemma 3.7 for s €
Z-rnz2+rc(g, 3;"], we obtain Prg_xq,[S1] =
O( -1/4)

In order to give an upper bound on Prg,xq,[S2]
we observe that Sy C S3 U S,, where

S3={(Z,9): (Fn(@9H=1)A

(a-iz.’+b-iw >4}
i=1 i=1
Sa={(Z,7): (Fu(Z, ) =1 A
(a‘iz;+b-iy,~ <t) A R(Z, 9}

i=1 i=1

R(Z,y) is equivalent to

m m
3o,y (1) zi— Y il <m¥tA
i=1 i=1
m m
a-d zi+b- Y yh>1).
i=1 i=1

It follows from Proposition 3.8 that
Prg.xq.[Ss | Fn(Z,9) =11 < 3 + 2o,
Also, it is obvious that
PTerQr[S4 I Fn.(Z,9) = 1] <2- PT’Q,XQ,[S4]

3. m‘15/8
Furthermore, by (8), Prg,xq,[Sa] < T
Thus we have
Prq,xq.[S | Fn(Z,9) = 1]

< Pro,xq.[51 U53U54 | Fm(Z,9) = 1]
_ D(G)+1 6miS/3
< O 1/4
s Ofm )+ t oy v
1 1 ~1/16
S gt TOMT)

We will obtain the same upper bound for the proba-
bility of

S ={(&PEV:GE§) =0 A Fu(& 7 =1}.

Thus, since
Pro.xQ.[S | Fm = 1]+ Prg,xq,[S' | Fm = 1] =1,

we get

1
IProma.lS | Fn(@,) = 1] 5 < o1z + O(m=119)
One shows analogously for T = {(£,9) € U

GE P =1 N Fnld, ) =

|Prq.xq.[T | Fm(%,9) = 0] -

0} that

< -1/16
I 64k +O(m™/72).



Thus, [ADV,(G)| < 35 + O(m~1/19).

Case 1.2: Vi (Ju;] > m1/3|w;|) and {um| < 60|uy].
The argument 1s analogous to Case 1.1.

Case 1.3: |wp| < 30(1+n1/3)|w;| and |um| < 30(1+
"1/8)|u11-
We first observe that the set S is contained in the

union of the sets S{ and S}, where
51 ={(ZyeU: P’(a: g)f and P’(Z, §) is equivalent

('szm.-—a Zz‘l_ la] - 2“;;411’)\,
m ™ b | t’i i
(’;W?}i-b-;%lz H_;l‘_‘,ﬁlg);

={Z§) €U : Ful@ ) =1 A Q(& 7)), and
Q'(Z, §) is equivalent to

m

m
3,y € {0,1)™ (1) 2= Y | <m¥i A

i=1 i=1

|iyf—iy¢|$m3/4 A a-ix}-{-hiyﬁ > t).
i=1 i=1 i=1 i=1

Lemma 3.7 implies that Prg xq,[S] [Fm(Z,7) = 1] <
2: Prq,xq.[S{] = O(m=/%).

With an argument analogous to Case 1.1 we get S5 C
S3 U S} where

Sy ={(,9): (Fm(Z, ) = ) A

(a- Zz,+b Zy.(t ) A R(Z, )}

i=1
R'(Z,§) is equivalent to

m m
32,y (1 2= ) afl <mPlA A
i=1 i=1
IZy: Zy’|<ma/4 Aa Zx +b- Zy’ >1).

i=1

We have already shown that
- 1 DG)+1
P = < - —_—n
rQxQ.[Ss | Fm(£,9) = 1] < 5 + ==

Furthermore, it is obvious that

4."1.'{713/4

. m ." = < a1 1\o
PrerQr[S4 ] F (I y‘) 1] - (27'+ 1)2

The remaining argument is now analogous to Case 1.1.
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Case 2: D > 4r.

The analysis is now far simpler. The probability of
the set S; (resp. S}) is computed as before. As for S3
we now get

Prq,xq.[S3 | Fm(Z,9) =1} € {0,1}.
For S4 we obtain
Prq,xq.[Sa | Fm(Z,9) =1] = 0.

The same applies to Sjy. This follows, since the set U
will be entire] contamed in one of the halfspaces of

{(Im a- ‘_12:,+b Zx ly'_t} n

In order to prove Theorem 3.1 we observe that for
sufficiently large n we can find r such that for each of
the at most k gates G on level one of Dj:

r
D(G) < a5 o D(G) > 4r.

gA value for r can be found whenever £ is bounded
rom above by the number of possible “r-intervals”.
This is the case, provided k < c-log;(m) for a suitably
small constant c¢. This in turn is satisfied for k <

d- —g——lol;l o: - for a suitably small constant d.)

The e-Discriminator Lemma of [HMPST] can be
generalized to hold for any distribution over the input
space. We apply it here to the distribution @, x @,
over the input space {0, 1}?™ of the circuit D, (which
computes the function Fy,).

Since the weights of the gate on level two of D,, are
from {-1,1}, we get |ADV,(G)| > 1 for some gate G
on level one of D,,. But this contradicts Lemma 3.5.
[ |

Thus we get a lower bound of Q(l—o%’%) for the

size of depth 2 threshold circuits (with weights from
{=1,1} for the top gate) computing F,. For unre-
stricted threshold circuits our lower bound will be

Q2 Elesn_y (M) [MT)).

Remark 3.10 It is not possible to prove Theorem
3.1 with the customary version of the e-Discriminator
Lemma, where one considers the uniform distribution
over the input space. Consider for example the thresh-
old gate G defined by

n n
)=1eY zi-Y u>cvn
i=1 i=1

For appropriate ¢ one has ADV(G) = Q(1) (where
ADV(G) 1s defined like ADV,(G), but with regard
to the uniform distribution over {0, 1}°"). This hap-
pens, because a “large discrepancy” in z-sum and y-
sum is more likely if we assume 2. 1% 2 5 and

Yy % < % than if we assume (say) 30_; 2 > §

G(z1,.- - TnyY1y---Yn



and 37, % > 3. This phenomenon has been inde-
pendently observed by Bultman [B].

Corollary 3.7 The class of boolean functions com-
putable by constant size boolean threshold circuits of
depth 2 with integer weights of polynomial size is prop-
erly contained in the class of boolean functions com-
putable by constant size o-circuits of depth 2 with
polynomial size rational weights (even with common
polynomial size denominator) and separation =

poly*

The same statement holds if one considers arbitrary
real weights for both types of circuits (still with sepa-
ration ;;1,?)
Proof. It is quite easy to simulate boolean thresh-
old circuits of size s and constant depth d by sigmoid
threshold circuits of the same size and depth. The
containment is proper as a consequence of Theorems
31and2.2. 0

4 Simulation Results and Separation

Boosting

TCY(7) is the class of those families (g, | n € N) of
boolean functions that are computable, with separa-
tion Q(m), by polynomial size, depth d vy-circuits
whose weights are reals of absolute value at most
poly(n). TC§ ([HMPST]) is the corresponding class
of families olﬂ boolean functions computable by poly-
nomial size, depth d boolean threshold circuits whose
weights are polynomial size integers.

Theorem 4.1 Let v : R — [0,1] be a nondecreasing
function that is Lipschitz-bounded and converges fast
to 0 (resp. 1) in the following sense:

VkeN JeN Vne Nt

1
(v(-n') < i and 1—v(n') < oy ).

Then the following holds.

(a) For every d € N, TC§ = TC3(v).
(b) The class TC(v) does not change if we demand
separation €(1).

Observe, that the above class of functions also in-
cludes the standard sigmoid o.

Proof Sketch. Assume that (g,|n € N) is a fam-
ily of boolean functions in T'C3(7). Thus (gn|n € N)
can be computed with separation ;(Lﬂj by some family
(Cn|n € N) of y-circuits of depth d with the num-
ber of gates and the size of weights bounded by g(n)
(for some polynomials p and g). Since v is Lipschitz-
bounded, and since the depth d of C,, is a constant,
there exists a polynomial r(n) with the following prop-
erty:
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If the gate function of each gate G in C, is
replaced by some arbitrary function v¢g :
R—-R gwhere the functions v may be
different for different gates G) such that

1
Vz € R - <
z€ (|7(z) 7G(x)| = r(n))’
then for each input zi,...,z, of C, the
value of the output gate of the new circuit
differs from the value of the output gate of

C,, by at most ﬂplﬂ'

In order to construct a boolean threshold circuit C?
that computes g5, one replaces in C, each inter-
nal v-gate that outputs 7(2;"21 a;jy; — ) for inputs
Y1,-. -, Ym € [0,1] (with reals s, ..., am, 8 of polyno-
mial size in n) by a weighted sum

i

5@ =3 Wln)}{k(yl, .

k=1

~,ym)

of 1 2r(n) boolean threshold gates Hi,..., H;
gwhich use the same weights @;,...,am as G). The

unction S is chosen to be a step function which ap-

proximates v such that for all y;,...,ym € [0,1],
& 1
Q@i = 0) = S@I < 5775

j=1

In a second step, one replaces each of the boolean
threshold gates Hp by a boolean threshold gate H}
whose weights and thresholds are integers of polyno-
mial size. We set

!
S'(§) = ;—;ET)H;“(M’ ce e Ym)-

The threshold gates Hj, are chosen such that

1
rOR

Let C! be the circuit that results from Cj, by re-
placing in the described manner each internal y-gate
in Cy, by an array of boolean threshold gates H{. For
every input, the value of the output gates of C,, and
Cj, differ by at most Zpln . Hence we can replace the
output gate of C}, by a boolean threshold gate with
integer weights and threshold of polynomial size such
that the resulting boolean threshold circuit C? com-
putes g,,. This shows that (gn|n € N) € TCS.

In order to prove the other inclusion assume that
(gnln € N) € TCY is computed by a family (Ba|n €
N) of boolean threshold circuits of depth d, where B,
has at most p¥n) gates and its weights and thresholds
are integers of absolute value at most g(n) (for some
polynomials p and gq).

YY1, .-, ym € [0, 1(|S(9) = S'(9)I <



Fix some constant k € N such that 4p(n)-g(n) < n¥
for all n with n > 2. According to our assumption
about #, there exists some ! € N such that

Vn > 1(y(-n') < and 1—v(n') <

1

nkn! W)
Let B!, be a boolean threshold circuit that results from
B, by multiplying first all weights and thresholds of
gates in By, by 4n!, and by lowering then each thresh-
old by 2n!. It is obvious that B!, also computes the
boolean function g,. In addition, for each circuit in-
put the weighted sum at each gate in B}, has distance
at least 2n! from its threshold.

Let C,, be the v-circuit that results if we replace
each boolean threshold gate in B}, by a y-gate with
the same weights and threshold. Then one shows by
induction on the depth of a gate G in C, that

for every boolean circuit input, the output
of G differs by at most é, from the out-
put of the corresponding gate in B}, where

6n 1= maz(l — y(n!), v(=n")).

In the induction step one exploits that by the choice
of k,1 € N one has

4-p(n)-q(n) -n' -6, <n*-n'.6, <1.

This observation, together with the fact that the abso-
lute value of each weight of a gate G in C,, is bounded
by g(r) - 4n!, implies that a change of at most &, in
each of the at most p(n) inputs of G causes a change
of at most one in the value of the weighted sum that
reaches G. Hence for any boolean circuit input the
weighted sum of G has distance at least 2n! — 1 from
its threshold. Therefore the output value of the v-gate
G differs by at most maz(1—v(2n' —1),v(—=2n'+1)) <
maz(l — y(n'), y(—n')) = 6, from the output of the
corresponding boolean threshold gate in B} .

The preceding argument implies that for any n > 2
the y-circuit C,, with outer threshold -;— computes the

boolean function g, with separation i. [ |

Remark 4.2 One can also simulate polynomial size o-
circuits with weights of absolute value at most 2P°/¥(%)
by polynomial size boolean threshold circuits with 0-
1 weights; however in this case the circuit depth in-
creases by a constant factor. This simulation can be
extended to the case of real-valued inputs, where we
assume that polynomially many bits of each real input
are given as inputs to the simulating boolean threshold
circuit.
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