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ABSTNAdT

le prcaent lorcr bound rrguncnta for tro generel cooputrtlonal
oodcls: llnerr tlcclclon treca (lÐT'a¡ .nd rr¡rdoo rcccla r¡chtnea (R^tte).
Both proofc u.ee (bealdcg eooblnatort¡l and geonctrical rrguaents) thc
¡ethod of con¡tructlng nhard" lnet¡nces (x1r...rxn) of the cørsldercd
problcoa, rherc the dl¡tencea betrec¡r sooc of thc xl are choacn .o
large that fro the polnt of vlcr of r flxed cøputatlonrl ¡odcl thc
lergcr n¡¡¡bcrs ¡rc n!¡accesglble" fr¡oo thc coaller onca. In 12 re fur-
thcr rcfl,ne thls tcchnlquc: therc rc h¡ve to artlef! at the gare ttoe
cqurLltlce bctrccn certeln ar¡¡c of lnput nunbcr¡ in ordcr to ¡llow atfooung ergurcntn. the ¡cntÍoncd tcchnlquce rllow r¡¡ to dcrive rhrracr
lccr bourd¡ for r vrrlcty of cüput¡tld¡al problcoe, lncludl¡lg trIrÂpsActr,
SBOntrET PATF rnd ELEü$E DISTII|CITESS.

lf. Introductlon

Â l!¡c¡r dêct¡lon trcc (Þt; ofücn ¡llo crllad rsÂ: ll¡c¡r re.rch
¡lgorlth¡) 1l r rootcd trce rherc ch lntcm¡l ncde 1r lrbelrcd by r
ccrt¡ln ll¡c¡r tcat n!, o1xl : .c.. .(xl,..l,rr) l¡ thc lnput for thc
I¡'I - conalrtlag of n nurbêr! r, tÌo I (or e, or l, dapêndlng
cn thc cor¡tcxt). lhc c<tgcr floa ¡ ich nodc to tt¡ thrcc
by <å r, md >; end dopeadl'g oB ¡hcthrr ,l' ort, . ":::f:rjit:.:or t-å ol¡1 > so onc follc¡ thc eorrelpondlng cdgc to thc ncxt ãooe.-
E¡ch lcaf 1¡ l¡bcllcd ilcecptn or nrcJrctn (rc cmrldcr hcrc a¡\y dccl-
elcn problcls, lorcr bourd rrguacrrt¡ ¡rc nore lntcreattng for thle üypc
of problår). thc ccprcxlty of the rrII ls nc¡rured fn terus of n (trrc
ndl-¡cn¡tqrn of thc problcl ln¡tar¡ce (xlr...,rn)), net ln te¡rs of the
nulbcr of lnput blte.

l{oet rører bounds on the depth of frlrrE I for declalon probleog
P ere "connedtlvlty - argunents" (ece lzl,tt]), uhere one explolts thêt
for e¡ch leaf I ot T the set of all lnpute (xt,...,xrr) € { tnat
Ic¿d to leaf c forns a connected subaet of nn trt ls an lntersectlon
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of h¡ltrDrcor rf¡d lvDrrpl¡na ). thor¡for¡ thr nurb¡r of lorf¡ ln I
¡u¡t br ¡t lc¡¡t Ú lrrgo r¡ the nu¡bor of ca¡n.ctrd ccponrtt. of thc
cq¡rld.rcd proÞlcu P rcrpcctlvrly ltr ccPltlcnt nn - P. llnfortu-
nrtcly I¡IAPSACI ¡nd thc othcr cilon tlP - coplcte tnu¡bcr problcr"
hrvc only O(fO(n2t) n¡ny conncctcd cooponcnt. (ace [f2J) rnd rc gct
ln thl¡ rry ¡t be¡t r lorcr bound thlt ls qr.drfttc lnn. the (st.lpll-
fled) verclon of the Íl{ApSACf, probleo thet q¡e conli.dert ln the cltcd
lltcr¡turc (rnd rhleh re r1l1 ttu(y l¡¡ thLa prper) 1¡ dcflned by

Íl[ApsAcf, - ,rl" *(.), rhcre

f,(n)- ((rr,...,1) €nl I¡sg(1,...,"1(rP,11 - I)J.

Actuel\y one ueurl\r focu¡cs lnstêrd on the dlscrctc verelon of ilAPSACf,'

rhcrc f,(n) 1s reatrlcted to al. ThLB vcrolø¡ of thc problcn 1g trP -
corplctc.

In or{er to achteve r lerger thl¡¡ quadretlc lccr bound for nAP-
SACf, one hêB to r¡ndcrtdce e f!¡er utr\ye 1r of thc ¡rtheaetlc¡l ¡tn¡cture
of thts problea. Dobtl¡' Llpton [l] rnd llttoncn [f6] rrde tae progrèlt
t¡ thlc dlrectlqr: tlrcy cxplottcd r gcoctrlcrl propcrty of tl¡e IIAPìS Cf,-
problco ln ordcr to prove r¡r exPqtcr¡tl¡l lorcr boutdnfor f,IIAPSACf, oa r
vcrlr rcstrlctcd c1¡!8 of II['r (on\y 1l¡ro¡r tc¡tg f-q. alrl : oo llth
o, € (Òrlf arc lllorcd). llnfortunltclV thclr rc¡trlctlon t¡ ¡o ¡cvere
th¡t qre l¡not evcn rblê to ¡ort thc n lnput nu¡bcrt r1r... r\, q¡

¡n I¡lI of thtr t¡rpe. thls cnt¡llt thrt ørc gcte m ruch ¡ rodel ¡l¡o
crpcrantlal lqer bor¡¡dc lor ¡ vrrlety oú problcos th¡t ¡rc l¡ fact
c¡put¡tlqrl\y trlvf¡l, but rhlch rcqulrc to coprra thc ¡l¡c of ¡ce
of thê tnput nrubcrc 11 (c.g. for thc Problc¡ of tlccldhg rhether

l& rl > I for ¡oc ¡et S E (1,...,n1 of rt¡e n/21.
In thls p.per rc uce nqrtrlvl¡l coblnatorlal rndl gcúctrlc¡l rr-

gurcnt! l¡¡ o¡{cr to rchlcvc a ahrrpcr ldcr bound for XllAPSACf, or¡ ¡
qulte gcrreral cl¡as of lÐtlr. lc conslder l¡tf ¡a lhcrc the coefflclc¡¡ùa
al t¡ thc U.near tests o.q. qlrt : ao ¡r¡¡ Þc æbltr.rï re¡l nu¡bcr¡.
Ic shor !¡ Theoren l thrt lf f(n) > I (1 I af ( oJ, l for all llnc¡r

ntc¡te o! 1 o1xl t oo ln the tree then the depth of the trec l¡ ¿t
Icrst 2n/21(n). fhlc !-opllcs an erponentf.al louer bow¡cl for f,l{APs.lCK

on l;ülrs where the coefflclents al ln each lt¡¡ear test O.!t ort, , oo

o¡y be ¡rbltrerlr reel nr¡nbers provJ.ded that l[1 I "f ( oJ I - o(n,/fog r]t
(lt ls þrown that thl.s restrlctlon on the n¡¡¡ber of negatlve eoefflcler¡ts
câr¡ 4¡[ be total\y elful¡¡ated: without this restrlctlon the g¡g bound

on thedepthof llllrs for XIIAPSACK ls known to be polynoolal ln n, gee



1

;

tIIl. In th1¡ r.y onc gctr rn cxponcnttrl. lorcr bou¡td for ÍMPSACf, or¡

¡ c6put¡t1on¡1 aodcl th¡t l! lubttrnthfly ¡orê pcarful thrr¡ thc rc-
¡trlctcd III!|¡ of Dobkln, Llptan [a] rnd Ukfonen [16]: thcre lc no

rc.trlctlor¡ ¡rv¡cra on tho noilrcgrttvc eoofftclcnt¡. lurthê¡lorc
Ilnc¡r tcet¡ rlth o(n/Log n) ncgatlvc cocfflclcnts do not on\r ¡lIoI
to ¡ort the xt (for e coperteon of tro lnput nunbers tt' tJ qle

only necds a stngle negrtlve cocfflclent ln thc reapectlve llnear tcst)'
but ¡1¡o to eort gg rl + rJ' rl + xJ * r¡r... rhcre up to o(n/log n)

oerv of the lnput nunbcrg ri occur t¡r e tcrt. In fact, ln rplte of
lts rcetrlctlon or¡ the nuDber of negatlvc cocfflclenta, thla type of
LIII appearg to be onc of th: oorc polerful cooputatlonal uodcle on rhlc¡l
lupcrpolynclal løor borr¡d¡ for IIP - cooplcte problena hôvc becn tchfevcd.

The tcchnlquc that re use ln the proof of thcoren I provldea r
qultc gcnenl ncw tool for the ana\rsls of o¡ny algorlthns that are
basêd on llnea¡ teatg. It ellor¡ to ahor for a varlety of gulte prrrc-

tlcal problcn6 that thcgc problcta lnhcrcnt\r rcqulre to cooperc eure

ol oa.n¡f lnput nunbero. For cxaoplc TheorGE 2 cxhlbite an l¡trlnglC
dlfference betrecn the colputatlon of ¡ llnl¡al apannlng trce (rhere
the retghts of the edgee hevc to be coEpared' but no suna of lcvcrrl
edge retghts nacd be conplrcd) and the decl¡lon problco r88ocl¡tQd rlth
thc ghortcst path problca, reapcctlvely the ¡r¡l¡u¡ relght latchl¡rg Prc-
blcn, for rhLch all lr¡111¡r rlgorlthns lnvolve the cooParl¡on of au¡s

of E r\y cdge rolghta. Theorcú 2 ¡hora th¡t tn flct there c¡tst no po\y-
nøl-al ttlc algorlth¡o (b¡scd q¡ ll¡ea¡ teats) for thc lattcr tro pro-
blcu¡ rhere on\r aune of up to o(n/fog n) lany retghts are coûPercd.
thc arguncnt of thc proof of Thcorco 2 ylclde ln rddltlon I nu¡ber of
not !o obvlous rcfl¡cuer¡ts of tbl'¡ ncgatlvc rcsult rhlch ¡ay be of !¡-
tercrt for the ana\rsle of Þrc prrcttcel llgortthne. or¡e cüi shd
that evcn algortthne thlt rrc on\Y requlred to hendlc partlcul¡rly
nnlcet' typcs of problco lnstrr¡ces tl po\rnool¡l tl¡c (c.g. only grrphs

that arc plenar, or rhcre thc rclgbte ¡'e glvcn by thQ Eì¡cudcar¡ dll-
trr¡ce of polnte ln thc plr,nc) ¡¡e forecd to couparc Large auna of cdge

rclghtr.
In l¡t of tht¡ papcr re prcscnt rnother ncry louer bound teehnlquc,

that ¡tlore us to derlvc ¡h¡rp loler bow¡dl for r.ndoo acce8s ¡¡chtnes
(RAl,f,a) rtth any nreasonablcn bowrd on the nuEbcr of reglaters that are

used. Thls lc¡ter bound ¡rguDcnt ts qulte dlffcrer¡t fron the one thlt
ts used ln 12 and lJ, høcver lt algo eoploya the nethod of construct-
ùrg "hard" pt.obleo lnstarices rhere the l¡¡dlvtdual l¡put nuDbels x1 are

Dutuelly "lnacceselblen.
The nodel of e RAll that re cor¡slder ln 14 traa become the standerd



rodcl for thc orchlno - lndcpcndcnt r¡¡¡]y¡!r of thc tllc rnd lprcc 16-

qutrc¡cr¡t¡ of concrctc rl€orlttll (rcc [1]). Ue con¡ldcr the r¡¡u¡l
vcrllon of r R/[ll llth uf¡bow¡dcdfy uer¡t rcglrtere tott¡tt2t.... Erch

rcglttêr tr ctpablc of holdlng rn lnteger of ¡rbltrêtI tlzQ. Thc RÂltl

ctn .ddrcs! thesc regllterg both dlrectly ¡r¡d tndlrcctly, rr¡d !t ca¡¡

pcrforû âddltlon, ¡ubtractlq¡ and coopsrlgon on the contcnts of regls-

têrú. l{e app\y the u¡u¡l r¡¡rlforu cost crltcrlon, rherc onc unlt of tlne
ll charged for crch êrccutlon of an ln¡tructlq¡, lndcpcndcnt\r of thc

ltrc ¡nd ¡ddre8! of thc operNrda. He ¡s¡r¡¡c th¡t thc llrst n rcgletcrc
hol.d lnltlally thc !,nput nuobera xl' ... rlnr lttd rlollerly aa bcfore re

Eêelure the lcngth of the eoEputatlon ln terÚ! of n (not t¡ teroe of

the blt tcr¡ght of thc f¡Put).
Hc ar¡a1yze l¡ l¡l thê lcngth of RAH - conputatlons on thc follølng

tro rcll-lsrdn alectslon problcils :

ELEüEI|I DütTIrCrfESS - ((xr,...,rn) € ln I xt * r, for f * ¡l and

DISJ9ITT SE¡S - [((V1,...,Yrr),(2r,...,2n)) € fât I

(I1r ...,Yrrf ñ (21r . . .,2n) - /) '

Obvlor¡s\y a BAld c¡¡¡ dccldc both of thcac problco¡ 1n O(n) rtep¡
(rrlte xl lnto the regletcr rlth ¡ddrcaa tt). Bolevcr thLc rþorlthr
rcqulrcg a vet1r lrrge nunbcr of rcgleterg ¡r¡d thc queatlon lrlsca rhcther

the¡e problcns ca¡¡ alao be solvcd tn lfnear tlrc or¡ e RAl|l rlth a nrea-

.¡ì¡b!rr EêDor? e13c (e.g. Polynolal\y !n n ¡erry reglaters). For thls
cege the bcst lnon upPer boqrd ls O(n fog n) (vlr sortlng).

lc shd t¡ thcorca , thrt th18 upper boû¡d of 0(n log n) for
ELEI|EXTT DIIITIXCIrËS .nd DISJOIItI SÉTS on lpacc bowtdcd Ml{rg 1¡ l¡t f¡ct
optlnrl. Fr¡rthcr.norc the lorêr boûtd of O(n log n) docs not or¡ly hold

tf the nunber of u¡ed reglsterc la polynclrl ln n, but lf thc nu¡bcr

of used rcglsters la bor¡r¡ded by ¡n arbltr¡ttr ñnctton tn tct'us of thc

dl¡cn¡lon n of thc con¡ldercd problco lnctancc (¡t'...'rn).
In thls contcrú re rould tllc to ¡cntlon th¡t to our lnaledgc

there are no other loxcr borrrrd reaults lhlch lhow that a eupcrllnear

aþorlthn for a natural deelalon ProblcE on a RA¡{ ls optinal (houcver

one haa already shown that a nu¡ber of superllnear algorlthns lor the

cooputetlon of certeln fr¡nctlons on a RAM are optloal, see [14]; ln
addltlon there ere superllnear lone¡ bounde for KMPSACK on a RAM - but

they sre not believed to be optloal, see [6], tlzl).
At the end of C4 ue lndtcete ln Theoren 4 ¡¡r cxtenslon of theo¡eo

,, there Lt ls shown thet the Loler bowrds of Theo¡en t reúaLn co¡rect



cyon !l thc Râll 1r ordc rorc porcrful by th. rddltlon of rn rrbltrrrT
'or¡clcn q c nq (thc RÂtl oe¡r rlk thc or¡clo Q r¡pcttcdlv durhg thc
cooput¡tlon for rrbltrrlv q-tuPêlr of lnput nuabGr! (xrr,...,x tu'

therhethcr (¡itr... rrk
that the tecÊntque ol orking thc lnput nu¡bcr¡ tl outually "ln¡cce!-

) € e). Thc proof of Thoorêa I rcllcs or¡ f¡ct

¡lblc'r la coopatlblc rlth the rcll ktorn octhod fro nodel theoty rhcre

onc chooces wlth the help of Raoscyrg Thcorc¡ lnput nunbc¡s thet ¡re
'rorder lndlreqtnlblqr rith rcapcct to ê glver¡ predlcrtc e. thl-c tppll-
crtlon of RroccyrsThcorco lc clDllar to that by Xorùi, 561r, ¡ndl¡¡¡bcr
t9J, [1O] for dcclslqr trecg (both ¡PPucatiqrc rcrc for¡¡¡d lndcpcndcnt\y,

rcc our preprl¡t [7]). For ¡ore detallcd Proofl of the result¡ ln ll
re refer to llarsa [8J.

12.

THÐREü l. lßt T

fotc hcre that re crn aseunc r.1.
ls not the caee, let no :r 2k ' L&J,
talned from T' bY replacl¡g all test
Then lt 1g clear thet Tt reeognlzea

- be r llnear declrlq¡ trce for inpute i € Ìn, forn

Â !æ¡¡ L¡rrná n^ DA A ã? 1 { á

¡I1 n € If, ¿nd let f : ll - I{ be ê functlon guch th¡t evcry te¡t
Scrx*: oo 1n În (ot e n¡ poeelblc outcoôca: (r-,)) eetlsfies

Itf > f I cf < ofl < f(n). tf Tn'rècognlzc¡ ühc tctrpaack probleo

f,(n) :- 1i e nf l $ g (1,...,"1 (l?, rr - 1)J,

thcrr depth (rrr) ) "la/ztln¡ 
I fo¡ ¡u n € tr.

IfCßE: thfu lorer bour¡d ls sq¡tcrPolynoùlrl tl r(n) - "(Èr. J.

@': It slll be asc¡r fro thc proof that 1t ¡ufflccs to ¡sct¡lc th¡t
T,, flnds the corrrct ¡narêr for lnpute ; a {.

m(x)F OF THEOREI 1: Ff¡ n

thrt dcpth (trr) 2 ep.
¡¡rd sct t :- f(n) llrd p :- fl. Hc lhc

o.g thrt 2k dlvldes n. If thtt
and conslder the LDT;.T| ob-

r-\ ortr , oo by iP, ort, r oo.

f(no) and that for a1l teeta ln
Tr lf r t t I 1( no and ltt6*"1| < k. IÙe have 2klno, hence bv the

speelêL crse depth (r') > z--cr ---. slnce depth.lT:l_.- depth (Tn) end

¡n/zt 1 - no/zn, lt follorE that depth (1n) ) 2ln/2R1.
He shatl defl¡e e polnt ; aqi - rt"l, and dlstlnct pol¡¡ts

ã, e f(n¡, and dlstlnct sets s(I) I [1,...,nJ, for f g [1,...,PJ,



ruch th.t thc qttJ nRrrpreck trypcrpl¡nc" fl I ,[, r, - r¡ (for roc
S tr [l,...,nr) on rhtch -I ltc¡ 1¡ tt-til ,P"fi, r, r Il. St¡cc
În glvcr ltlffermt output¡ for ¡ ¡¡¡d r' thcrc l.¡'for crch
f'c (r,...,p, ¡ tcct u\ oftt , oo on tñc prth lnn În takcn by ;
ruch thlt thc corrccpørdlng 'rtcat l¡lpcrplltrc" (; I f-l alxl - co) lnter-
lccts L' thc clogcd llne aegoent stertlng ¡t ; urd endtng rt ç.
Thc cholce of - ¡nd a, wlll ensure th¡t thc on\r "tect þrperplenc"
uhlch l¡ter¡ccta \' ff rr$¡, ls KI ltaelf. Thlr Lapllea that ¡t
lerst thc 2P tcsts corrcapondlng to the t¡¡poôck tryperpl.ar¡ee t are
exccuted along the cooputatton path for -. (tnla 1¡ the deslred lorer
bound.) thc analogoue tackvas qulte casy ln the ¡odel¡ of [a], [16],
sl¡cc thcrc thc on$ 'rteat l¡ypcrPtancgt' th¡t rcrc ¡llorcd ln T' rerc
Jurt thc t¡apsack byperPlanea (thcrefore l¡¡ thoee oodcls one could chooGe

the conponents of ; to be cqual). In ou¡ cage the dcftnltlon of ;
ls oore lnvolved: lte coordt¡¡tes 1111 s¡tlsfV tro klndg of rrtnacdeset-

blUty condltloner, togêther rlth equÂlltlcs bctrecn certeln ¡une of
coordlnates.

fo sllpufy notetlon leter, re note thet r.l..o.g. r¿ can t¡ke the
follortng rraunptlon: tf ô- Il a 12+ "f,+ tl { o, rhcrc ?1 € [of
U (f l ? or 1 le r cocfflctcnt ln TrrJ, then l õl > f. (f¡ trrre f-r
not ¡lrcady the case, nultl¡\Y all coeffïclcnta ln 1" by C-I, rhcre
g¡-oln(lõl Iõ{o,0-t_ttït for 11 €[o]U(rlr or 1lsr
cccfflclent l¡ TnrJ.) fhla r¡su¡ptlon ¡l1ore us to provc thc follalng
lelrr, rhlch ts thc flr¡t rtcp toï¿rde thc dcflnltlc¡ of f.

L,EOIA 1. therc c¡lsts e nuDbcr b € ll such th¡t for all r 6 Il, ell
õ1-I,,+"tr, 111+?1¡rrhcrc T1€(ofU(flf or 1 lsrco-
.in"rät ln-Jn) -ir - r,...,D) ¡nã r11 e rlth ¡el 3 u-o-r:
l:f rlf 61b-'* € ' o' thcn ô1 '...' õn r € r o. (Thc pccra of b

rrc ¡utr¡¡I\r nlnaccoaslble" r.r.t. llnear cøbln¡tim rlth coefflclcntc
lrc Trr. )

!@!,: Chooee b € It 8o th¡t b ¡ rlx(n + 1, 5.D), uhcrc D:-ur[l1l
I f 1g a eoefflclcnt ln Î^J ¿ f. Lt ! be arbltrrrl, Ànd asaune

thrt e ls cuch that l.l io]-t, end thÂt õ1r...,õ, rre of the
lndlcated foro. Asgune that tl. õfb - + € - o. le Bhor that ôl - o.
(lnen tne leana foLlos by lnducttan on a. ) Suppose for a contradlctlon

the a6su.úpt1on ptecedfng the lenna le even have
b-1 < luro 

tt , trlÞ uri-t + €l <il ro-t.år_i.
, e contradlctlon.

b-1



Por thc rc¡t of thê proof, rc fl¡ ¡ooc b € I ¡¡ tn tæn¡¡ l.
lfor ro dcflne r rcellng f¡ctor B bY

p
B :- E b-1,

trl

and choor? 6 > o so soall thÄt
I<1<P' let

2p6 < b-P-(ztrÞr)k-2, o e e. For

.1 ,-ur:-$.u-l +õ

Ifote th¡t the polnt ${u-r,u-2r...,b-P,b-t,o^--t,...,b-P, Ile¡ on the
zp rvpcrplanea ((vr,...,!p,zr,,..,tp) a 

"tolr¿, 
vr * rpr"r - lJ, for

I E II,...,pr. It tr¡rng out that the polnt (at,i..,EO,ú1,...,O0) Iles
strlct\y lnsldc ¡ polytopc rhlch has all theee 2P hyperplanes as aup-
portlng ÌVperpL¡nce. Thls êrrarigenent ¡l¡cady alløs us to prove thc
louer bou¡d for llncrr dccLglon trccs rlth ¡rbltrery nonnegetlve cocf-
flclcnts: For eêch I S [I,...,p.1 re conalder a vcctor (.1,...,"Í,
u{,...,uft rhcrc

r rlr-o-å.b-1, LtLer r rb, , lf1€r.i,'t.i -o-', Ïi;i, ul:'{:l-'-È.o-', ,,rrr.
obvlous\y, lf, tl * rffbl - ro.^

¡t noet onc lvPcrPl¡r¡é ln n-r
ftgn 1r, ,rhlch ¡akcs ¡ dlffcrcncc betrecn (a1,...,an, b1,...,0n) rn.t
(.1,...1'.f, uf,...,oi) ln the ¡enre th¡t the tro potit¡ do not ùoth rte
on the ÌVperpl¡nc or l¡ thc ¡¡ne of thc tro open brlfrprccr dcflned by
lt. th18 hJtpcrPl¡ne l¡

In thc nert lc¡¡¡ re lhc thet therc ls
defln¡blc rlth nor¡negetlve cocfflclcnta

((vr,...ryor 2r,...,"n) € nzP I ,Er r, * rfr tr - rl.

tEt{xÂ e. (Uac of t¡¡ccea¡lbtltty of the iflrat klÐd'.) I.t o < n 3 6.

[ætlor 1<1<p,a1rÊ1 e fVlf or l tgrcocfflclcr¡tln Trrl ,
c1,Þ1 > o, but not e1l o1'Þ1 Gqurl o. Izt ï € n be such ùhat .t

or 1 1¡ a coefftclcnt ln TÐ. Flnal\r, lct I g (1,...,p, be arbl-
trrrï. Aasunc that for

bt , lf1€r
bl-n' lf I f I,l ,- {:l-n' i i ;i z? {

hoIdB

j, "rrî * 
n, 

Êr"! - 
".



i:î ;.'J;.;"-,:' i,J,, }.,'; ^.:]. :. :;Ï: ii I lq'lo 1". 
^-tu,,l'

- .tl cqr¡¡l¡ ((v1,...,Ynr zt,.-..,"o) , n'" I tE¡ vr * rF¡ zt - 1r.

E@E: fhc eaeuoptlon ,l\ "r"? * ,-T. Êr"i- I ûcr¡ìt' bv thc dcfl¡!'tlon¡,

å "rGr 
. u-l * o) -,¿, arn + jr, orÇ\-t * o) - rpl Þrn - y.

å,", + Þr - r)u-l * B. tr!r(cr(6-'ì) + Þ1õ) * rfr(oro + Þr(o-n))] - o.

IultlPlYl¡g bY B r
of b Ylclds

P

r-l b ¡ld collcctlng cunnrnd¡ rith thc rrnc porcr-1

St¡rce o< õ-rr< õ ar¡d 01 + Ê1 <b, ùhe second ¡u¡n¡r¡d Ls

<8. p .+. 6<2. b-l. n. |. õ-p. ô¡b-P-l,

blrcholccof b ar¡d ô. WlennaIreget al+Êl-?-or1.ê.
al+Þ1-Irfor I<1<P and

rãr 
("r(ô-î) + Ê16) + rfr(oro + P1(6-n)) - o.

Slnce the o1rÊ1 are > o atrd lre not rll - o¡ the last cqurllty c¡n
lrold on\Y lf

Yl€I:Þl-o
YlFI,ot-o
6rrì.

(ncnce
(trencc

c1 - ?),
Ê1 - I)' an<l

lhu¡ the equrtlq¡ n.3t

iE, ot * ,F, 'tzL - 't'

An rddltlonal effort 1g needed Lf the tree T' usea qucatlcns
rlth both posftlve and neg¿tlve eocfflclcr¡tc. Cle¡r\y, testc -11¡c
nIl - r¡r: on cari dlstlngulah (at,...,anr bl,...,bp) rroo (rf'...,.j,
ui,...,bi), so letnnê 2 doea not epply artJr Dore dlrectly. To ¡ecorod¡tc
for negailve coefflclents, re are forced to use another "leveln of ln-
¡cccssLble nunbers (lnaccesslblllty of the rrgecq¡d klnd"): the nunbers

el ar¡d bl (1- - 1,...,P) are epllt lnto k parts each (e.g.
êl - ell +...+ ar*) so that all the 2pk parte re obtaln ere outual\r
"l¡accesgÍblen (rlth regêrd to the coefflcÍents rhlch occur ln Trr).
The vector wlth aIl. these tUt" and bfJtt as cooponents w1ll be

P
olVl + fi Þtzt' T 1g ln fact thc s¡le .8
Thls provc¡ ühe cbln.



th¡ voctor ã € nn, ¡lth thc ProPcrtlc¡ tndtc¡t.d rt thc bcglnnf¡g of

thc proof : - doca not llc on ùiy E¡¡p..cl lryPGrplerla tn ÌD, but for
arch I E (l,...,PJ one cln rcrch froa lt on. ttr¡tght llne r ÛLp-
rrck-hJperplanc t rlthout t¡rtcrscctr.ng an¡/ rtcst-[yPerplafte!'r othcr

thrn t.
rC'TATIOT:

of Yrctor!
For the folloulng' lt lc convenlent to rcn¡ne the coopo'ncnts

(xt,...,rrr) € ln. ThcV ere spllt tnto tro groupa er¡al glven

doubl.s lndlcea

f- (x1,...,ã) - (VrJ, zLJ | 1 <1 <P' r I J <k).

lc rrlte (Vt'z

DEFIT{EIOÑ: For

rJ)f,J for such vcctors ln nn.

I - 1r... rp let

b-p-zlk-J, bU ,- å . b-P-(21+1)k-J e <J < k),

-{k¡!
J-t2ttJ+6-tr-J-%"rJ

b-l - 
¡-È, 

ou * 6 - o,' - 
¡-ïa 

or¡.

tu'

all ,-

bl1 t-

IF'
1.
B

I
B

; :- (rrr,b1¡)r,¡.

For IÉ[1,...,PJ let

Kr ,- f(v1¡,21r)t,¡ I ,Ë, ¡-1. Yr¡ + 
1

(I(, lerr ßraPeeck-Ìryperplr¡¡e cloge to
E, - (ci¡,dir), deflncd bv

- r]-tLt 1€IandJ-I
tïJ t' to, othenl¡c ' d

k

Ët ¡-å zu ' u'

) r0haracterlstlc vectorg"

(L,Lî1ffürdJ-1
to, othenlse,

froo ; to pointa I, e rr:

k

t.

I
1J

¿re needed to define the lf¡te segnente h

h'-!;-1ã, lo3n36i
aI:=a-ôcI.

the follorl¡g three lenn¿ta verlfY that
(I E (1,...,PJ) have the deelred propertles:

; a¡rd the h, K¡, -"f



- f f r(n) (CorollrrY to Læ¡ 5)

- I¡ € t g r(n) (La* ,'l
- Lî h l¡¡tcrlGct! ¡ tc¡t lvpcrplrnc, thGt¡ thlr tc¡t Ì\yperpl¡ne

.qurle KI (Coroll¡ry to Lcøa 5).

A! rc havc crgued ¡t thc beglnnl¡¡g of thc proof' thesê propertles to-
gcther wlth thc obvlous fact thrt thc t arc ¡I1 dlfferent froo etch
other lnply thrt the path t¡r the trce În rhlch ls takcn by ¡ con-
t¡tn¡ >2P teats, rhlch la rh¡t rc r¡¡rted to shc.

!EËÀ 2: For êlr I É [1,...,P): I, e t c K(n).

EBggE: Stralghtfontard conputatlon, urlng thc factg that
k

trr * 
¡Ja "rJ

kElc
J-r

I
U -å.0-t fort€r and

p
I

l,-1
bu + ¡!, or¡ - 

,-5, 
tl¡ - t

4.!:
Ipt o1¡'Þ
111<p,
cler¡t ln Tn.

.b-l for 1FI, and t b _1.-1

(Use of t¡¡acecaalb[lty of thc "a¡cond klnd", Let o < n < 6.

1JI
bc real nu¡bere rhlch occur ¡a cocfflclents ln To, for

<Jlk. Lt ?€nbesuchthat I or l Lsacoeffl-
Let I E [1r...rnl bc rrbltrar1. Aasr¡¡e th¿t

i - (yU,trJ)r,J - - - *-r € h sattlflcs

(*, rl¡ or¡vr¡ * rl¡ ÞrJ"rJ '?.
Thelt a1J-a'' rnd ÞtJ'Þtt for r<1<P'2tJ<k.

IEggEs Yc rcwrlte (*) eccordl¡tg to the itcflnltlø¡g:

i:J "u(¡rJ n"l¡) * rl¡ Þr¡(orJ - '¡l¡ ) - "t, t'c'

j, 
"rrGt ' 

b-l - ¡å "r, + o - *|) * ,år-ï orJ"u +

* jr.orr($. b-1 - ,!, or, + 6 - nofr) * 
u.$, ,-L ÞrJbrr = y.

tlultlp\y both sldes,by B - u.B, 
b-1. and reca that Þ,,-b-P-21I-J,

BbU - ¡-P-(21+l)k-J, for r ii ! p, 2 < J < ; thcn cortict sunr,rdg
conùalnlng thc rr¡c pøcr of b:



u.L (or, * Þrr - r)¡-1 . u.L ,ä (orJ orr)u-p-21k-J +

Dk
* 

,1t,. ,-;, (ur, - Êrr)u-P-(21+1'k-J +

+8. (r[r("11(6-n) +Þ11õ)+r.pr ("116+ Þ11(0-n))) - o.

The abeolute v¿luc of thc Last suDnand le (B.p.z't.6 ç 5-P-(zwt)k'L.
by the cholce of 6. fc apply Lenms I to obtaln oU o1I - ÊU - Ê11

¡ct for 1<1<P'2<J<k.

!E44_ã,: r.êr n, c1¡' Þ1¡ (l < 1< p' t < J < k)' T' r be as tr¡
Lcnna 4, such thât the 3fJ,ÊtJ ere not all o. Aaeute that
- - (yfJ,.t')t,, - ã - nc, gatlsfles (*), and that

l((1,J¡ | drJ < oll + lt(l,J) lÞrJ < oJl ( k.

Then the t¡rperplane defincd by (*) cqu¡ls K¡, and rì - 6r I,e. I-a-r.

9 : 1, ft ,8, orrvrr +
IT h"" a point r" oååt-tirt^t
raf, then thls hYPerPLenc cquale

T la a test ln Trr, rnd

i, f*,:""'¡ 
* rl¿ etr'tl(üi,:ll,ii,;

h. 11) r

PROOF OF LE{llA 6: App\yl¡¡g I¿nn¡ ¡[ ylelds ct¡ - all, Þ1, - Þry for
f < f < g, 2 { 1 < k. Eer¡ce none of the coefflclcnts can be negatlve
(othenlee 2 k of thc¡ rould be ncgatl.ve, contradlctlng the esaunptlon).
l{e now collcct srrnna¡fl6 rlth the sene eoefflclents ln (*) and obtaln

okrPk-
Å "rr. ¡ì, {.r, - n"i¡l * ,h Êg. ¡å (¡r¡ - nalr) - r.

By the deflnltlq¡ of the a1¡, b1¡, "l¡, ul¡, c1, b1, thls ls the sa¡e

ta

PrP
n!r"r, 

. (ar - n . "lrt + n]r, orr(u, - nolr) - v.

To thlg equatlon we app\y r-cmme' 2, and re get

rr- 6, Vl € I : a1l-Y ^ Þtt- o' and Vl F I : cll= o ^Êil- ?.

"1, can not be o, slnce soúe of the ol¡,Þtt rere asaurtred to be { o.

By oultlplying (t¡ Uy I - we ftnally get that 1r¡ fs equlvalent to



,.t, ¡-[. YtJ * ,'F,

rhlch 1l th€ cqurtlon dcflnlng t.

T

¡-EltU -1,

pRooF oF CoRoLIAÉ: 1) Il ,L orJvrJ * rLl AtJ"tJ,l ts a tcst tn

Trr, thcn w.l.o.g. not ¡11 coclllclents rre 'ó, a¡rd thc nu¡bcr of ncga-

tivc cocfflcle¡rts eaong the olJ,ÞtJ ls lccg thari t by thc ôssulp-
tlø¡ re ¡¡dq rbout Tn. 8o the lcoEr .Ppllc! dlract\y. 11) Lt f
be an arbltrtrT Flapaack lvPcrPlar¡c. In or¡r notrtlon, K h¡a the for'¡

!'il lillå¿'"] 
''l¿. 

*gill"i. åå.u'*"t'; ål .'f ::Ïi."'*: u{oo,

anrdso¡c I9(1,...rP.1 . Chooseert¡rbltrary I>o ¡uchthat 1 or

1 ls a soefflcicr¡t ln Tn. ther¡ 7' (lLJ,zfJ)f,J ' E - n ' õ,
artlgfleg

i

1
I

l

"1

1

i'l

I

I

I
I

rl¡ ("1¡r)vtt * ,1, (Þtrr)z' '?'
Appfyf¡g Ic¡n¡ 5 to th18 ¡ltr¡¡tlon yleld8 tl - õ, 1.e. i - ;I + -. In
p¡rttcul¡r, a F tr. th18 holds for lu f,napeeck hyPerPl¡ncs tr' bctrce

ã f r(n).
Thl¡ flntshes the proof of thcoren 1.

¡a- rdêr boundg for rr¡ph problcae on llncar dcctclqr trcea.

In thle eectlon the oethod of 12 ls rpplted to ¡ooe langurgcs de-
flned ln telts of graphs rlth relghted edgce: the shortest path pro-
blcn, the olnlnr¡¡ pcrfcct Datchlng problco, ar¡d thc travcllng salea-
pcrson problcn. the ¡aLn rerult (Thcorco 2) raye s¡¡cntl¡l\y th¡t ¡
llnear declslon tree cen not ¡olve theae problcos feet, 1.e. rccognl'te
thc correspondlDg langusges frst, unlese lt c¡n colparc srttq of lw
l¡put nunbers to csch othcr. Thus the eouparlrona of lengthc of pathe

ln er¡y of the star¡dart Polynoobl tLue algortth¡s for thc ¡horteat plth
problcn oú the ulnl¡al pcrfect Ertchlt¡g problcn rrc cg¡er¡tl¡l. Thls
observatlon plnpolnta a dlfterence bctueen these Probl¡n¡ and, 8!V,
the ol¡l¡u¡ gpanf¡fng tree problea rhleh crn bc ¡olved ln po\rnoolal
tlne by llnear declslon trees rhich use on\y conparlaons of afngle
edges.

An equlv¿lent foroulatlon of relghted graph probleos as recognltlon
problens ln nn ts obtal¡ed ae follows. For o € t{ conslder the coo-

plcte graph -ç on m vertlces Y1r...rvr. Flx a nunberln8 e1'...rên
of the n - þ(r - f ) edges of ç. Then there ls e one-one correspon-



dcncc bctrccn vcctor¡ (x1,...,xn) € ln and rclSht frurctlon¡
r : (c1r...,"nJ - ¡ rhlch rarlgn r rclght r(c1) to cvcry cdgc Gl,
thc corrctPondcncc bclng glvcn by r(ct) ' rl' for I < I < n.

thê problêo SHORTEST PATH ag r decl¡lon problcr' can bc fornulêted
ra follac: lc thcrc r pcth froo "l to "2 of tot¡l rctght < f?

thls problcE corresponds to thc lenguege

sp(n):- liennl ¡sg[I,...,nJ ([etll €s, forrs apath ln K,

bctrcen vt ¡nd "Z and i[S tt < 1)r.

Slollar\y, the probleo llll{Il,fl,lM PERFECI MATCIIINO glvcs rlse to the fol-
lowl¡g rccogrrltlon Problen:

pg(n) :- ¡i e nn I ts c (1,...,nJ ((er | 1€sJ fons ¡ perfect netchtng

ln ç and 
tås 

tt < l)J.

Flnal\y' the TRAVELIJIfC SALEIPER¡¡OIÍ problen, 1.c. thc problen to
declde rhether there le e HaElltonlan cycle 1n L of tot¡l rclght 3 I,
glves rlae to thc lengurgc

TsP(n) 3- (i € nn I as g (1,...,nJ((e1 J 1 € sJ fo¡rs a H¡ol1tonla¡r

cyclc l¡ ç .rd 
tås 

tl < 1)¡.

there 1g a geooetrlcat dlffercnce betueen thc lrnguages K(n) of
l2 and the languages Just deflned. K(n) coneletg ot a unlon of t\yper-
planes ln XD, rhereas SP(n), Pil(n), TSP(n) are un!.qro of cloecd
hfl?lprcGs ln nn. the follor!,ng vrrt¡tlqr of Th.or!. I rdept! thc
rcsults of 12 to thls sltt¡Àtlon.

COROIJÂd TO THEORÞ{ l'. Ipt, for k, p € lll

L(p,k) :- ((ru,zu)r<r<p,r<J<k € n2pk I rr c (r,...,
k

* 
'Ë' 

¡t-' 
zrJ ( 1) I '

I-€t Tp,k be e llnear declslon tree for lnputs froo n2Pk whlch re-
cognlzes L(p,k), such that ell tests ln Tp,k 

-"ont.ln 
less than k

negatlve coefflclents. Then depth (tn,¡) >

k
n'(tär ¿lrvr.t



EE!¡ll: Cø¡¡ldcr thê Polnt!
r¡ ln the Proof of thcorq¡ 1.

¡ Eô
l€I J-l U lfl J-l U

E
€I

¡ ¡nd ¡r (r g (1,...,pJ1 tn n2Pr
ur obrcrvc th.t I ç ¿(p,fr:

fà . o-t+ ô) + 
,Ër(å. 

u-t+ o¡ - r+ põ ¡ l,Io+l
1

for all

k
IE

1€I J-l

I g 1I,...,Pr. But "I
_k

"r¡ 
- æt¡' * ,Ë, J-Er(brJ

€ L(p,k) for all I g ( 1, . .. ,pl , Etnce

- ¡ol¡, - ,är(*. 
b-1+ o - oalrl +

* rãr(å.b-1*o- 
oalr). r.

Ecr¡ce on the ptth ln Tp,* uhlch ls taken by _; therc_muat be a tcat
for e¡ch I g [1,..,pJ uhlch can dlatlngulah ¡ froo aI. ry the

corollary to l¡nna 5 ln !2 the hyPerpla¡¡e correapondhg to euch a te¡t
ls KI. Ilence the pêth lrr tn,* taken by f has length > 2p.

The langueges 
"nr* 

w111 be "redused" to the graph problene re

coDsldcr hcre. Thus le gct lower bor¡nds ln the followlng D¿nner: fron

¡ llne¡r deel¡lq¡ tree T whlch golves thc grlph problen' uelng fer
negat!.ve coefflclcnta ln lts testa, re obtaln ¡n lD.l of thc saoc

atructure rhlch recognlzce L(p,k), for ccrtrln p' k € I. Thls tnplles

that depth (T) ) 2P, by tl¡c abovc coroll¡ry.

TEEORDí 2. IËt (În)n>I be a sequcnce of IIIlrE, f : !I - l[ I ft¡¡ctton
such thrt cach test h- T. uocg leas th¡n f(n) ncgatlve coefflcter¡te.
If T- recognlsee one of the languq es SP(n)' tr{(n), TSP(n), thcn

o"ptn"lrrrl ,2t'tntztl")J, for n of the foro |n(n - 1), ¡ € rr.

EÐE: Thl¡ laer bou¡rd ls superpolvnoølal tf f (n) ' "(#=).

!@E: In eech of the thrce caoear re obtaln f¡o¡ Tr, - Itf tn,a
of the saae depth ae 1r, rhlch recognlzee L(prk), rhere k :' f(¡¡

iù¡d p :- 2¡ft¡r and tp,* uaca < k negatlve coefflclcnte t¡ lta
tcets. Tt¡c¡¡, by the above corollary'

dêprh (Tn) - depth (nn,¡) > 2p - ,ø/2t(n) ,21'{n/2t(nl l.

a) Suppo8e Tn recognlzee SP(n). lle restrlct our ¿ttentlon to o

flxed subgroph Gt of K, as sketched In Flgure l. Gl usea

(2k-1)p+I < 6 verttcee (among theo vt and tù and 2kp edges.

The varl.ables xl correspondlng to the edges of thls subgraph are

:

t

i
f

I

:



rctrt¡d yrr re!p. trJ (t < I I P,-l I' J < k'' el bdtc¡td lnFlgure

i:;.-"";.ti,0., on¡.v rnËut yccror. i - (x1,...,rn, € { rhtch stvc

rotght 2 to e1l cdgc¡ not ln 01. th¿n tt tr clc¡r th¡t .uch adSet

ce¡r not occur ln r gath of lcrgth g 1' lc ehragr În by fl¡l¡s tho

vrlue¡ of thc tlt. ecrreltondlnt to tueh edgea to be 2' the re¡ult

la rn IDT T' fãr lnputa (V1¡'r¡)r"lp,KJ<k rhlch 
'ccepts

((vq,zrr)r,J I one of the 2P poeElblc patha froo vt to tz ln G1

hae rclght 3 lJ.

Thß lrngqrg. obvlously cqu¡¡¡ L(p,k). FurthcrEore' no tcot 1n Tr

uaea ¿ f(n) - k negatlve coefflclcnts, slnce thls was true l¡ Tn.

q

Flgure I

b) Suppoee Tn recognlzes Ð{(n). thle tLûe re conslder only e ll¡ed

Eubgr.phG2ofK'ofthefornglventnFlgurc2.o2haso-Zpk
vertlcee enã 2pk edgea. The vêrloblc8 xl correepondtng to the

edges of thta subgraph are rcr¡a¡ed yU reaP. "tJ 
(t 3 1 ( Pr

L g J ( k), as lndlcated ln Flgure 2. -fe obtal¡ I ncI IiDI T'r froo În
by ftrlng the values of all other xl to be 2. clear\r' a perfcct

ortching oade up from edgca tn CZ clther contalns al'l cdgee corre-

rponitlng to Y,,, . . .'Ylk or all cdgcc corrc¡pondtng to t'', 'l ',tlk'
for I < 1 < P:- Eenee-inc lrnguagc (rhtch le reeognl¡cd by T')

((V1¡,zrr)r,J I there ls a perfect natchlng ln

equsls L(P 
' 
k) .

GZ of welght 3 1)



Jpl

Jrz

Jr¡ Jrs

c) Suppoee Tn recognlzcs TSP(n). lfe conglder e fi,Iêd subgraph O)

of lÇ of thc for.n glven ln Flgurc l. Olve constant rclght 2 to all
edges not contal¡¡ed ln O' and re ght å'+ to the edgcs correepond-

lng to vrrlablea ur, (1<f <p, l<J <k). Corulder the tree în'
obtalncd fron Tn by flxlng thcec lnput varl¡blca and'rcnaming the

other onee to :yLJ,rLJ eg lndlcatcd ln Figurc ). thcn a Hanlltonlan

cycle of uclgbt I I óUvlous\y u¡es 1n cooponent Cl elther the edgee

V11ru11rll12r . .. rV1¡ru1¡ or thc cdgee 
"I1,|ILL,ZLZ" ",zlkf ur.¡ (for

f < I < kr. Herice the language

((v1¡,zrr)r,J I there 1s r E¡alltonlrn cycle of lcngth 31 I ln %l
squ¡I! k k
t(yu,z')r,J | ¡r s fl,...,P¡ (rår 

r-ir. 
tr¡ * 

rË, ¡]tr 
t.¡ ,*rl,

a l¡r¡guagc so e!-8118r to L(P'k)
bo¡¡¡¡d 29 for thc dePth of 1n';

q

C?

Fl€urc 2

tbat lt obylously l¡plles the lorcr

C¡

Ci

ca

cp-l

E
E
tr

Fl,gure ,

Jiz



!ElfÀ!!: Appllcrtton to ¡êorctrlcrl U¡lts¡car

thc loret bou¡rd of Thêorco 2 ltryt v.lld It thc ttf Tn 1g on\r
requlrcd to solve the rcapêctlvc grrph problêD for the follorlng re-
atrlctcd elr!¡ of ngeooetrtctl ln¡te¡rcc¡n: lacooplctc graphs on o yer-
tlccs rhlch can be dr¡rn ln the Eucl.ldcan plrne tn cuch r rry that the
ad6es ere strai.ght lÍnce, no tro edges crocs, and thc relght of c¡ch
dgc cquale lte length. (Wc ¡¡gune th¡t Tn uac! ¡¡¡ eddttlonrl type
of tegt rhlch allors lt to flnd out rhcthcr ut cdge la preacnt ln the
t¡put grrph or not.) To conctruct ñdltflcult lnputsn for rn IDf Tn
rhlch can declde the graph problcn only for lngtancc¡ fræ thlg re-
atrlctcd claaa, úe ctn u¡c thc raoc eubgraphe of L ls ln Flgurcs
L-r. But we can not use thc aanc relght leta as ln the proof of Thcore¡
2, slnce there the welghta Íere vast\y dlffcrcnt fron each other (e.g.
eU ls ver? ouch larger thrn elz), ar¡d lt tg not clear lf one c¡n
d¡er grrphs ln thc rcqulred re¡r rlth theec relghte re edge lcngthe. ¡;t,
horcver, the cdgerclghts VU,"U (f<f(p, I<J<k) ofthegraphg
depletcd ln F!^gurce I-J rre r1l cqual, thcse grapha cen be ttram ln thls
¡lDner. Te w1ll explott tn the follorlng that the 8¡ae l.e true lf the
edgc retghta are nearly the eare, say lf fff -€) <yU, "r¡ <;þ, for
r11 L,J, tot a sufflclent\y anall e r e(p,k). thcre 18 an cesy wt¡r to
obtaln Euch "geooetrlc¡ln retght sets froa rrbltrery onca: add a lrrge
cmgtar¡t to all edge welghts, thcn scale dorn by I cq¡sta¡rt frctor. ìlorc
prccloely, lf any retght set (ÍLJ,íU)L,J rttb o < ÍfJ, ãr¡ ( t la
glvcn, the neu relght set (Vür"U)t,J deflned by

"U,-e.ãrr+
l-eF

bclongl to ¡ graph rhlch can be drawn ln the requlrcd Dlr¡ner. Ihlg ob-
¡erv¡tlon lc¿de to the follorlng nreductlon procedurett, deacrlbcd hcre
for thc crse of SHOFÎEST PATH. Suppooc a,n l¡tf Tr, fs gtven uhlch
eccepts rclglrt gets for subgraphl of K, uhlch adnlt a path of ler¡gth
< I bctrcen vI and vrr but T. doea so on$ for lnput vectors rhlch
ul¡e froo 'rgcometrLcal lngtanccstt l,¡1 thc r4r deacrlbed above. le deflnc
k ùld p as before, and restrlct ou¡ attcntlon to the lubgrtph OI ot
Flgure l, renamlng varlablee aE ln the proof of theorem 1. lbdify T'
aB follows: repÌace tests

rl¡ "rlyr¡ * ,.,t¡ 
ÊtJ'tJ ' Y bY

r}l "r¡ir¡ * rl¡ ÞuítJ ' ]' fr - r,Er ("r¡ + Þr¡) . $*=lt,



rnd c¡ll thc trcc ¡o obtrlncd Tn. thcr¡ lt t¡ cr¡lly chêckêd th¡t for
o3irl,ãrJlt

;,, rcc cpts (irJ , ãrJ ) , , J

Tn ¡ccêpts 1.ír, * ff,
tIg(1,...'P, ( E

1€I

Llt (uy 0erultlon of Trr)

l-e .

Pl'1rJ."u * u1 (¡y tr¡c ¡tructurc
of Cr)

(cãr, + fft <tt ttt

E
€II

,l ("rr, * ïF' . ,r', ,lkk

J-t, 
i,J * ,Ë, J-Er 

ãrJ I r)'

C4.

tI g (1,..,pJ (

Thug ír, recognlzes L(prk) for lnput¡ froa [o,1¡2nk (thc rang,'^gç
L(prk) rao deflncd tn the corollartrr at thc beglnnlrrg ot l5). The

lo{er bound proof of 12 uees only I'npute ln [o,I¡2Pk, hcnce ñr, hee

dcpth 2 2P, and so does Tn.

SLollar const¡uctlona yl.cld thc s¡¡e rcsult for Pt(n) and

rsP(n).

lc rcfcr to l1 for the rlcflnltlon of thc hcrc consldcrcd problens
end D¿chlne nodela.

TBDOREI a. Lt R be a randon access Eachl-ne (nU) tt¡¡t recognizes
EtIXEXtT DISTI¡fefI{ÉlS (rcepecttvc\y DISJOIIT SBTS). Aggu¡c that R

uoes for l¡puts froo rf on:.y lts f1¡¡t 21(n) rcgletere, rhere
f : X - tr ls an arbltrarlr functlon. Then R usêô O(n log n)
coputatløt stcpe.

SÍEICH OFTIrE PROOF (sce [8] for dctalle): Fl¡ r nAü R ¡tth space
ffirecogntzea ELEI{E?I Drr¡TrlfcrlfEss (the argunent for
DISJOIÚT SEtrS ls slnllar). Obvtoue\r R cu gcncrrte tn t stepe,
lt¡r*lng frø nunbcrt < b, on\r nunbcr¡ of slzc a at. U. therefore
for couputatlons of length I n log n ühc nunbers ln the sct

nÍ- ( af(n) + 1'nroen' r g I gn )

ere nutually "lnacceeelble" fron the polnt of vler of R. We conslder
the "teet get'r T g ELEI{EI|Î DISTTNCTTESS that conslsta of al1 nl
pernutatlons of IN end we shoìt that R usea >g+g steps for
s@e lnput I € T. More speclflcal\r, we w111 shor that under the



r..ulptlon th¡t R rppllce a + rrlthlatlcrl opcrrttonr to c¡ch

lnput fro T, R dcflnc¡ for erch lngut I froo T r dtffcrant
bln¡rf !êquGncc P(I) thrt codc¡ thc outco¡er of rll cmparlaon rtcpr
t¡ that cooPutrtlon on lnPut I.

Thc proof oakce u¡c of the follølng oLoplc frct, rhlch foÌlq¡
froo thc lneccc¡slbluty of thc nunbers tn IN: cvery rcglster conte¡¡t

that occurr durlng thc cooput¡tton of R on lnput n(x1'...,rn) € T

cm bc rrlttcr¡ uni.quclv ln thc ga!-!g: "o + .-!, 31 'r1 r whêrc

s, e Z and trll ( 2n log n. Arlure for a contr¡iliôtton th¡t therc
¿ic tro olffcrcnt lnput! ¡ - (xt,...,rrr) ¡nd ¡t ' (xl'...'tå) ln
I rlth P(I) - P(I'). Let I be thc pcnutatlon of [1,...,n, ro

thrt rn(r) ( rn(z¡ (.ll ( tr(rr). .Too"" 
c ulnl¡¡1 8o thet

t*rærl"ì-i;,.,1'-óonslder tnè irrrrtlon 1 - (;1,...,ïrr)

"i'f"pút 
f 'rirere the r(l+I)-th cooponent of I ha! been replaccd

by anothcr copy of rrr(¿)(thus ïrr(ær) - ïrr(a) .x,r(&) and í t W'
HE¡çT DISTIITCT¡ESS). iò úfff shou'thaú slncè n dld not "nottcen th¡t
the rel¡tlve order of the n(¿)-th efrd l(¿+I)-th conponent ls d1f-
ferent ln I and I'(xn(¿) ( rn(¿+I)' uut {1t) ) tå(¿*r), R 1111

¡1Bo not notlce th¡t irial - tilarr¡t trr I (¡r¡d thcrefore R uül
rcccpt 7 Juet æ lt rcècptcd i ¡nd I'). l{ore preclgely one ¡haa
by lnductlon on t lhst for lI1 t 3 n log n R cxecutca for ¡11 th¡ee

l¡pute I, It end I the ¡ane lnetructlon at step t, ¡nd thlt lf sore

rcclgter r_ h¡8 .t the end of step t for lnput I the eontent

"o-* n[ "ri, 
(with lall I tn loe n, thcn the aaoc reglster r" 

-
hãr¿s-ai the end of gtep t for lnPutn Ir thc nu¡ber "o+ #l atrl,
and for input f the number "o 

* Uå tt ãt. Note that lndl¡ect rd-
drcrslng cluaca no probleo tn thls rrgunenü ¡lnce o l, to + U9. "t tt
I 21(n) lnpües thrt 8i - o for I > r. The on\y nontrlvlrl stcp
ln the lnducttvc erguncnt occurs Hhcri R coplrês ¡t stcp t thc Ca¡-

tcnt of reglster to rlth o. Olre h¡g to shor thrt the outcone 1¡ the
grne for I, It ar¡d I. L€t "o+ Uå ofrt bc the content of ro at
ctcp t for lnput f. Br thc lnductlø¡ hypothcela rc lglow th¡t
so + .-\ srxl (ao + n5-a, ï) are thc corrcspondlng contenta of ro

¡i stip t fo¡ lnput I'(r). con¡lder the casc wherc 
"o 

+rLl slrl>o.
qy æsunptlon re have P(I) .,' P(I'¿ and therefo¡e to + À. etrl> o.

We have to shoe thêt "o 
+ t=ä s, i, > o. Iêt J be mexlnal so th¡t

s.lrl * o (1n tne coneldered case thls l¡plles that sa(¡¡ ) o). If
¡"i"i * I thls tnnsdiafiely lnpllee that^.o + u!1 st ft > o. ff
J<L+ 1 then eo+i lslxl -80*u.Érstñt. Thustheon\rnon-
trlvl¿l crse occurs rhen J r C + Ì .ttg grr({,¡ ( o. Ho¡¡cver ln th'-s

ca6e re get a contractlcltlon to .o * lå. et rl ) o rtnee by the

t



by tho chotcc of J All othcr

flth thc help of Re.oaeyrs Theorcú (¡cc [5], [15]) onc can derlvc
thc follovlng generallzetlon (here onc sêIccts out of e vcry large
pool lll of mutuel\r "Lnacceaglblc" n¡¡¡bers n apcctal nunbc¡e that
¡re "lndlgce¡¡fblc" for the or¡cle Q - 

exccpt for thclr orrder).

THEORE'I 4: Thc lorer bowrd of Theorco J renalns vsltd lf one allora
thc RAl,f R to ugc an erbltrarlr oreclc Q 3 nq (for erly congtant

S € Í) that anarcrs queatlone ebout arbltre¡y q - tupels of lnput
nuEbers.

ACXllot{LÐcD,fBÍIS: l{e thank Frlcdheln lleJ¡er ¡uf der Helde ar¡d Gyõr6r
luran for helPful d1scu6slons.
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