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1 Full proof of Proposition 4.1

Proposition 4.1: There exists a matrix C' = {c;;}; j=1,..», With correlation coeffi-
cients ¢;; and there exist vectors w, w* € {0, 1}", such that w linearly separates
the list L = ((cq, wy),. .., (cn, w)) but w* does not linearly separate L. Thus the

list L is linearly separable but the target vector w* cannot be learned by STDP.



Proof: Consider the matrix and vectors

1 025 01 05 0 1 0
025 1 01 05 0 1 0
C=1101 01 1 0050 |, w=[|1]w=]1
05 05 005 1 0 0 0
o o0 0 0 1 1 1
The list L = ({cy,w7),..., {c,,w)) where c; is the i-th row vector of C' is not

separated by w*, because Cw* = (1.35,1.35,1.2,1.05, 1)T. However, w separates
L because Cw = (0.1,0.1,1,0.05, 1),

In the following, we show how one can construct binned spiketrains Sy, . .., S;
with rate » and correlation matrix C' for arbitrarily small binsize AT'. In the limit
of At — 0, this construction produces Poisson spike trains. The first spiketrain S
is constructed by assigning a spike to each bin with probability rAT.

Let X; € {0,1} be a random variable which is 1 if .S; has a spike in a given
bin, and 0 otherwise. In order to construct S;, we compute the probability ¢o;
of placing a spike into a bin where S; has a spike. We do that with probability
$21 = P[Xy = 1|X; = 1]. We need to make sure that C9, (Ak) = co19ar,0/(rAT),
where C3, (Ak) denotes the correlation beween two bins separated by A%. We have

PX;=1,X,=1]
0 )
C’ij (Ak) = dako ( IAT - 1)

PIX, = 1]P[X, = 1|X) = 1]
= 0ako AT? -1

N 5 TAT¢21 1
T TARO T2 AT

- b
(1)

Since, C9,(Ak) = c210ak0/(rAT), we obtain ¢o; = co; + rAT. We then put

spikes into bins where S; does not have a spike with probability ©,. Details on
how to calculate © are given below.
The third spike train can be constructed in the same way. We place a spike into

a bin where only \S; has a spike with probability ¢3; = P[X; = 1|X; =1, X, = 0],
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and we place a spike into a bin where only S5 has a spike with probability ¢3, =
P[X5 = 1|X; = 0, Xy = 1]. These probabilities are given by

+rAT
By = pgp = 2 T2 (1)
1 — ¢

Again, we put spikes into bins where non of the previous spike trains had a spike
with probability ©5 (details given below).

Spike train S, needs special attention. The method we used above does not work
because the sum of correlations to S;, Sy, and S3 are larger than 1. Hence, using
the above method would lead to a rate larger than ». We construct S, by placing a
spike into a bin where S; and S, has a spike with probability 1. This achieves some
correlation between S, and S, Ss. We achieve the desired correlation by placing a
spike into a bin where only S; has a spike with probability ¢,; = P[X, = 1|X; =
1, X, = 0, X3 = 0]. We place a spike into a bin where only S, has a spike with
probability ¢4 = P[X4 = 1|X; = 0,X, = 1, X3 = 0]. These probabilities are
given by

N - C41 — C21
o= = T — ) @

The probability ¢,3 = P[X,; = 1|X; = 0, X, = 0, X3 = 1] is given by

(C43 + TAT)(l — ’I“AT)(l — ¢21)>
(1 — o1 — 2631(1 — ¢21)) (1 = TAT(2 — ¢a1))

Again, we put spikes into bins where non of the previous spike trains have a spike

Pa3 = 3)

with probability ©, (details given below). For AT — 0, these probabilites con-
verge to a value in the interval (0,1). The following limit values can be shown
easily: limar .o 921 = co1 = 1/4, limar_g @31 = 2/15, limar_. @41 = 5/13, and
limaz_o ¢ag = 1/12.

The last spike train is uncorrelated with all other spike trains. We place a spike
in any bin with probability »AT.

Spike trains S; and S5 have the correct rate. The other spike trains need to be
adjusted such that for each bin, the probability of a spike is rAT, i.e. P[X,; =
1] = rAT. We achieve this by adjusting the probability that .S; spikes in a bin,
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given that no other spike train has a spike in this bin (except for S5). We denote this
probability by ©,.

In the following we show that such ©; exist. Denote with X/ the random vari-
ables according the spike trains we constructed so far, i.e. without spikes given by
©;. We have P[X; = 1] = P[X; = 1] + P[}_;_; X; = 0]©;. With the use of the
constraint P[X] = 1] + P[}_,_; X; = 0]©; = r AT one can determine ©; as

rAT — P[X] = 1]
TP X =0
To proof that such probabilites ©, exist, we will show that ©; > 0 for small enough
AT, and that for AT — 0, we have ©; — 0. For Ss, we find

e, (4)

P[Xé = 1] = P[Xl = 1](%521 =rAT'¢y; .

Since P[X; = 0] =1 —rAT, we get

TAT(l — ¢21)

©, = 1 —7rAT

Since P[X; =1, X, = 0] = P[X; =0, X5 = 1], we find

PX;=1] = P[X;=1X,=0¢s + P[X1=0,X5 = 1]d3
= 2031 P[X; =1, X5 =0] = 2rAT¢31(1 — ¢o1) .

Since, P[X; = 0X5 =0] =1 —rAT(1 — ¢91), we obtain

0. = rAT(1 = 2¢31(1 — ¢21))
5 1-— T‘AT(l — 92521)

Obviously, ©, and ©5 converge to zero. One can easily show that they ©); is also
P[X!=1]

positive, by showing limar_o —x7 < 1. We will not give a formula for ©,
explicitly, but concentrate on showing that lim a7 = [fg; U < 1. With the help of



the equality P[X; = 0| X, = 1] = P[X, = 0|X; = 1], we find

PX;=1] = PX1=1,Xo=1]+P[X;=1,X5=0,X3 =0]on
+P[X1=0,Xy =1, X3 = 0]¢so
+P[X1=0,X=0,X;3=1]¢u3

< P[X; =1]P[X, =1|X; =1]
o PX) = 1P[Xs = 0]X, = 1]P[X5 = 0|X, = 1X, = 0]
41 P[Xs = 11P[X1 = 0[Xs = 1]P[Xs = 0| X, = 0X, = 1]
+¢a3P[X3 = 1]

= rAT(¢a1 + 2041 (1 — ¢21)(1 — @31) + da3) -

P[X;=1]
rAT

AT (the probability in the denominator is positive). To show that ©, converges

Itis easy to show that lima7_.q

< g Hence, O, is positive for large enough

to zero, we show that P[X; = 0,X, = 0, X3 = 0] converges to 1. Note that
P[Xl - O,XQ - 07X3 - 0] - P[Xl - 07X2 - O]P[Xg - 0|X1 - O,XQ - 0] -
1 —rAT(1— ¢21)(1 — O3). Since ©3 converges to zero, we have limar o 04 = 0.



