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In ny lecture I want to sketch a new branch of generalized

recurslon theory: invariant .p-rr9..cursion theory' fJ is anV tlnlt

ordlnal ln the followlng.

A set A s lfi Ís calletl p-recursively enunerable ( p-r.e.)

tf it ls definable over I,p by sone Í' foruula I (see

Frle¿naa and Sacks tl]). Observe that this ls really a very

intultl_ve tleftnttlon. Generate successlvely the Levels

lgrll , ". ¡try r.. ( y. ß ) - of the constructlble hlerarchy up

to p . Enunerate at every step y those elenents z Lnto A

whlch satlefy l, Þ r¿(z) an<l which have not already been

enumeratecl before.

Theexaurpleshowsthatthegeneralconceptofarecursively
enuu,erable set -ag describett by Post [2] in 19+4- cloes not

require any strong closure condltfons of the untlerlying douain

llke ad.nisslbllty.

*lhe author ls suppoitett by the Helsenberg-prograo of the

Deutsche Forsebungsgenel-nschaf t.



230

'Afunctlon f:
graph le 0-".e..

ln-r I'p ls calletl p-recurslve 1f lts

Consl¿ler the group of all p-recursÍve functions which nap

Lf¡ one-one onto IrF toge-ther,w!-th conposltlon of naps. A

property of subsets of lft ls calfetl G-lnvariant or reeur-

slvely fnva¡lant lf for every f e- G sorne set 3 € T,Ê has

thls property lf antt only if f[B] hae lt.
Bellx Kleln suggestett ln ,hls Erlanger hogr¡n'n '('1872, to

deftne branches of ¡nathenatics ln terns of a space X ancl a

group G of transfo:ruatlons aeting on that spaee" the branch of

nathenatics dleternlnetl by X and G 1s the etutiy of G-inva¡-

lant prope¡tiee.

Op ancl the previouely d-e",fined group G dete::nine for

lì= - classical ¡eeursion theory and for .(3 = o. (e adnissible)

cr,-recursiou theory.

let us now look whether there ls an approprlate notion of
.ffniteness in lnvarlant p-recurslon theory. Any"recurslvely

lnvariaut cÌass of p-recurslve bountled (1.e. = ly for- eome

y. ft ) subeets of IO ls a candfdate for guch a uotlon. Ii J.e

obvioue that the¡e exlste a largeet such el-ass which,v,re cell I.

We wilt see ín the followlng that there are Eeveral iood reasonlt

to take f as the notion of ftniteness in invariant p-recursion

theory. The eleuents of I are caIled l-finfte -sets" If 0 ls

an atlnleelble orcllnal o. then l-finlte le equfvalent to
q -flnite.

Deflne elcf() := the least 6 " 0 (there exlsts sone

p-recursfve f : ó+p with range unbouncletl ln ß ).
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Lenna 1 : I ls.á p-recurslve subset of Lp . In fact
I = [x,e Ln I Iß Þ [cardlnallty(x) a clcfp I ]

I,'l
The !ro!!q ls not cllfftcult but relies heavlly on the flne
'structure of I (collapslng of Skolen hulls).

set , A can be enuneratetl ln alcfp Dany

steps, 1.e. there exlste a p-recurslve .function f : <rlcfp

o Ip,yn Ây,' such that Â = U { Ay I t " .1cfp} . thus

every elngle T c A ls enuroeratett after an t-fLnite nurnber of

steps. It ls easy to see that I ls the only recurslveÌy ln-
variant cLass of p -recurslve bouncled eubsets of fß whj-ch

ie 1n thls sense eoherent with the notlon of a 0-".". eet.
'Further for any l-finfte subset K of A we have K g A,'

for sone i-flnite f . Ihis property 1s irnportant for prlorlty
congt¡iuctlons" It iuplies that every true l-flnite neighborhood.

conclltlon about A settles tlown at soroe polnt of the'congtruc-

tÍon"
Another useful property ls the foJ.lorvlng : Every p-recur-

sive subset of'au l-flnlte set ls agaÍn t-flnite

Consftler for any lintt ordlnal ß the structure
@n := alf, - I;frã,T > where è := e l' lO r I 

".tå
Tis

fornulasthe canonlcal

ln LA . @.0

in Barrvlse [5

of urelements.

p-recurslve truth pretlicate for AO IB

ls construetl as a set wlth urelenents as

], where fp - f ls the untterlying coll"ection
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Theoren 2 :

tr'oreveryeet MÊI,ß :

M ls f .,(Ar) lo (=) M

Further the sets ln the etructure

""i"'.

d.0 fs au adniseible etructure with ureleneuts"

ie
OL

ãr(a.,) Q$.
are exactly the i-finltep

Corollarv 3 : Aseune that .p Ís a countable llnlt ordlnal.
Iêt I e ln be so¡oe p-recurelve language and, let I be a

f]-r.e. eet of sentences 1a the language * wlth l-flnlte tlls-
Junctlone and conJuuctÍons.

If every l-flnlte eet fO I T has a uodel, then T has a

rnoöe1.

Proof of the Corollary : App1y the Sarwlse Conpactnese Îheorem

t5l to d.( "

1ia

Remark : the coupactnegs theorem does uot holtl for any larger
notion of ttflnlter ln lp "

the precedlug eoupaetness theoreu (Corollary 5)'ean be

usetl to ehow that for every countable ß lnvarfant p-reeursiou

theory ean be characterlzeð. Ln terns of absoluteueEs o= oodel

theoretic invariance as thLs effeet wae calleil by Krelsel [4]"
The concept of model theoretlc lnvariance fe useful 1n orde¡ to

¡

untlerstantl the nathenatlcal ueanlng of coruputatlons in reeuieion

theory. The sltuatlon ls analogous as Ln flrst ortler logie where

the cornpletenese theoreu glvee a mathenatical neauing to fo¡oal
proofs.

the conneetlou between nodel theoretle lnvarlance andl re-
cursive lnvariance 1s the fol-lowing : lhe uotlon of a ñflniten
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set ls recursively lnvarlaut ln every recursion theory whlch can

be eha¡acterlzed lu terms of ootlel theoretlc lnváriance.

In orcler to get- an fntrlnslc notlon of a conputatlon rela-

tive to ran oracle B s lO one can extend the Krlpke equatlon

calculuJ ln a canonlcal way. The essential rule a1lows to eurvey

l-flutte rnany subconputatlons ln a conputatlon. Every conputa-

tlon .has the strueture of an l-flnltely branchlng tree :

S- endequatlon

axions of the forn I € 3 ,

xéB,P(I,X)=g where F

ls sooe rutllurentarf functlon

. lÏe eay that A fs conputable frou 3 1f the eharacteris-

tic fuuctlon of À can be eonputed fron B ln this equatlon

calcul-us. trVe say that A ls l-finltely conputable fror¡ B lf

thls can be tlone by uslng l-flnlte conputatious only. B ls

callett senigenertc lf every eguatlon lvhlch can be coroputetl fron

B can Þe conputetl fron B wlth an l-flnlte conputatlon. For a

semlgenerlc set B the precedLng two notlons of reducibillty

coinclcle for every set A .

lenma 4 :

a) For countable (t A ls conputable fron 3 lff A ls

fnpllcitly luvarLaatly tteflnable fron 3 (see Ia]).
b) A ls 1-flnlteÌy conputable frou B lff there exlste a

p-r.e. eet W sueh that for every x e l0 :
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ôO(x) =.1 cå 3l-flnlte. K,E(< xrirKrH)é lf ¿t K s 3. ¡ E e lO - ¡)

(".A, ls the cha¡acterletlc functlon oi A ).
c) 3 ls.senigenerlc lff for eyery relatlon R e- lU x r'O of

the forn
R(x,y) <+ 3 t-rtntte K,H(<x¡JrKrH).wî K* I ¡ H glf¡- ¡)

with IÍ 0-=.". antl don R l-flutte there exlste au

t-ftnltefunctlon feR wlth donf = iotn'

The relatlon 1n u) fe.not transftivé antl therefore we coü-

sidêr lnsteatl the followfng recluciblllty relatlon .:.
A Sf 3 s (=) there exiats a 0-".". eet lt eueh tbat for
ärr r-frnlte H,, rH2 :

Hi É A <å 31-flnlte KrH(<H1'1rKrH)<IÍ ¡r K=3 Afl Étß- t)
and \ t7 -

Hrs !ç- B<t3l-flntte K'II((Hz'2rKrfl>e'\lÍ ¡ Kç,3 ¡uelo- B).

The assoclatecl equlvalence clasees are caltetl l-tlegreee" Ior
ad.nleslble cr, they colneftle wlth the c(-degrees.

Every l-clegree le recursively lnva¡laut. The l-degree 1 O

(f.e. the equlvalence clees of the enpty eet) coutalus exactly

thê p-recurelve aete. Áe usual one Bets lnnedlateJ.y that there

exiete a naxlnal l3-".". l-degree Or whlch le strlctly ,greater
than O . Ihere 1s no trlvlaÌ way to show the exleteneé of an

lnternecllate 0-r.e. l-degree. -

Except for a few ç (where lt ls "trff 
open) oue ean

untlerstand the structure of the 0-".". Q-ilegrees (seell]) as a

su¡struc'iure of the l-degreee.
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Theore¡n 5 : For'everT lfuit ordlnal ß there exlst [t-".".
sete A , B such that .[ lf 3 antl B ff A 

"

' 
I 

' 
L'1' '-

ine ¡ry;! ls glven fn the nost lnteresting cage where 0 ls

etrougly inadnisslble (1.e. olcfp.0t) by a prlorlty construc-
'I

tion folloÇt.rg trrrled.nan [¡]. l¡" conblnatorlal prlaclplc O can

here be elentnatecl (thls x¡ay be helpful for appllcatlons to
. '. .i -l

oth.er lnattolgelble seta).
. : .:

obgerys'that for every a the l-ttegl¡ees colnclcle wlth the

ctegreee ln the aclnlssible collapsu @0 " Thue Theoren 5 con-

talns..a6 a speclaÌ case tþ9 eolutlon of Poetrs hoblen for sone

euo::nouelY fat atlnlsslbLe sets. .

Theorern 6 ': For every llnlt ordlnal tt thêre exlst 0-"'"'
sets Â , B auch that A le uot couputable from B ancÌ B

ls uot conputable from A "

The !I4 la sligbtly uore cllfflcult than the proof of Iheoren

5 . Ife ¡oake À and B ln adctltlon eeulgenerlc" For thls one

ueeds Q.

theorem ? : For nany strongly inactlllssible p tbere are p-r'e'

sets A such that O.i A but S ;lf Â for every sirople set

S (see [g] fo¡ the <Ieflnltlon of si¡ople).

the prpql is a first example of an lnflnite preservatlon stra-

tegy in the strongì.y iuadnieeible case. 3esides O it uses a

new comblnatorlal arguneut ..!Íe expect that reflnenents of the

applled. strategy wllt lead to a spllttlng theoren for i-tlegrees.
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We hacl nentlonetl.the deflnition, of a eeuigeuerlc set be-

cause at thls polnt au luportant new ehfect arlses la the step

frou ot- to, p-recurslou theory. SeveraÌ equivalent deflnitlous
of rrhyperregularrlu u-recurElon theory lead to dlfferent clasaeE

Ín p-recurslon theory. For s.oue strongly luatlnlssibJ.e fJ there

are p-r.e. eets 3 such tbet every couputatlon f¡on 3 has aa

l-flnlte length but B Ís not eenlgenerfc.

All detalle aau be fountl'ln thà forthco¡ning paper [6]"
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